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Fermions on curved spaces
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3. Gravitational anomalies

4. Axial anomalies



Geometrical objects

1. Symmetric Stackel-Killing (S-K) tensors

Koy = 0.

2. Antisymmetric Killing-Yano (K-Y) tensors

fm..-ur_l(ur;/\) = 0.



Pseudoclassical approach

Action:

1

b
1 o DY
_ - By p
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Covariant derivative of #
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\'V Orld—line HamiltOﬂian
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H = _g/i II“IIV

covariant momentum
_ UV
Hu = g

Constant of motion J(x,1I,1)), the bracket with H vanishes

{H,J}=0.



Expand J(x,II, ) in a power series in the covariant momentum

O 1 N
d= Z EH( et (z, ¢)HM1 S i
n=0

Generalized Killing equations:

(n) (B1-Bn o AL o (n+1)v
3(M1---Mn;ﬂn+1) T oo Fﬂn+1)>\¢ - §¢p¢ RPUV(N%HH f1-efin)

For a Killing vector R, ( R(,.,) = 0) there is a conserved quantity in the

spinning case: .
? :
Jd = §R[M;V]¢“¢V + RMCU“
Assume that a S-K tensor can be written as a symmetrized product of

two K-Y tensors |
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The conserved quantity for the spinning space is

1 V.o . .
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where
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Conserved supercharge

Qr = Jfu.p 9"

/I: T
r + 1 (_1) +1f[/1’1---/$7*;/1'r—|—1] ) ¢M1 e wlu}r_kl .

This quantity is a superinvariant (supercharge QQo = II, ¥ )

{Qf?QO} =0

+



Dirac equation on a curved background

Dirac operator on a curved background ({v*,~"} = 2¢**I)
D, = VM@M.

Canonical covariant derivative for spinors

A

vVt =0,
A A 1 o
VipVy = ZRO&BWV 0
For any isometry with Killing vector R, there is an operator

A 1
Xk = —2(R“VM — Z’YM’YVR,LL;V)
which commutes with the standard Dirac operator.

A K-Y tensor produces a non-standard Dirac operator

. Ve 1 v
Df — _Z/ylu(f,u vz/ — 6/7 Wpf,ul/;p)

which anticommutes with the standard Dirac operator Dy.



Euclidean Taub-NUT space

Metric

2 _ v L2, 9(r) 4 02
ds* = g dxtdx’ = f(r)(dZ)” + 63 (dz™ + A;dx’)

Z is the gauge field of a monopole

—

dinT:O, B =rotg:4m%.
r

B Adm +r
N r

f(r)=g ' (r)=V"}(r)
Four Killing vectors
Dy=R}0,, A=1,234.

Conservation of angular momentum and “relative electric charge”

(52 V=17 is the mechanical momentum):

, q=g(r)(0 + cos0p)

J=Tr X P +q—
r



Four K-Y tensors of valence 2.

e Three are covariantly constant

4m

fi = 8m(dx + cosfdp) Ndx; — €, (1 +
D.f% = 0, i k=123

dr: N\d
T')ajj L,

e The fourth K-Y tensor is

fy = 8m(dx + cos 0dp) A dr + 4r(r + 2m)(1 + 4L) sin 0df A dp
m

having a non-vanishing covariant derivative



Runge-Lenz vector

- 1= ., = = q> T
K:§wa:v:p><]—|— R—ZLmE .

where |
E = §gw,5v“:ify

is the energy.
The components Kj;,, are Stackel-Killing tensors

1
Ki,uy - 8_m(R4,uRz'u + R4VRZ',M) = m <fY,u>\fi>\y + le/)\fiA,u) .



Spinning Taub-NUT space
Angular momentum, “relative electric charge”
J=DB+j, Ji=Bitgq

where J = (J1, J2, J3), B = (B1, B2, B3) and the spin corrections are

/[: 14
By = §RA[M;V]¢”¢

Supercharges from covariantly constant K-Y and () realize the N = 4
supersymmetry algebra:

{Qa,Qp} = —2i6apH , A B=0,....3

Hyper-Kahler geometry of the Taub-NUT manifold !
Runge-Lenz vector in the spinning case

, 1
Ki =2m (—’L{QY, Q;} + WJMAL) :



Dirac equation in the Taub-NUT space

Dirac matrices {49, ?yB } = 9560
Standard Dirac operator

Dy =4%Vy4 =iVVA - P+ —4*P, + %V\/V&‘li* . B

1
N
where

1

Vi — Z\/Vpi + §V\/V87;jkszk , V4 — \/V

P4—%V\/Vf3*-§.

momentum operators



Hamiltonian operator of the massless Dirac field

o1
g—sp.- Y VTw )
VVr 0

where D D
7T:O'p—Z74, 7r*:0p—|—7/74, 0p:5'ﬁ
Klein-Gordon operator
v * 5 2 1 2
A=-V,g"V, =Vr'r=VP —|—VP4.

—

Total angular momentum J = L + S where the orbital angular

momentum 1s

[ — ZxP—4m=p,.

r



Dirac-type operators are constructed from K-Y tensors f;(i = 1,2, 3)
and fy.

e (); from covariantly constant K-Y f;
Qi = —1 i@gﬁ&@é
N = 4 superalgebra, including Q¢ = iD, = iy’ H:
{Qa, Qp} =254pH", A/B,..=0,1,2,3

linked to the hyper-Kahler geometry of the Taub-NUT space.

e ()y constructed from fy



Runge-Lenz operator

N; = mA{Qy, Qi} — JiPs.
Commutation relations
Ni, Pu] = 0, [Ny, Jj] =1 Nk,
Ni, Qo] = 0, [N, Qj] =16k Qi P,

[Ni, Nj| igiik I F? + §5z’jsziH

where F?2 = P,°> — H2.
Redefine the components of the Runge-Lenz operator

1
K, = N, + 5H—l(F — P)Q,

having the desired commutation relation

[j{i, JCJ] = i€iijkF2 .



Gravitational anomalies

Classical motions a S-K tensor K, generate a quadratic constant of
motion

K=K, z"z".
Quantum operator
X=D,K"D,
Scalar Laplacian
H=D,D"
Evaluate the commutator
[D,D",X]=  2K"*D(,D,Dy) +3K"" DD,

1 4 y
+{59A0(K(A0;u);v — K(AJ;V);M) — §K>\[MR ]A};VDM

Hidden symmetry of the quantized system

4 14
3, K] = —§{KA[“R MD,



On a generic curved spacetime there appears a gravitational quantum
anomaly proportional to a contraction of the S-K tensor K, with the
Riccl tensor 2, .

Integrability condition for K-Y tensors of valence r = 2

Ryvio folr + Boppp frir = 0.

Contracting this integrability condition on the Riemann tensor

Ry =0,
Suppose
Kuw = fupl e
Integrability condition becomes
K” [uR’/] , = 0.

The operators constructed from symmetric S-K tensors are in general a
source of gravitational anomalies for scalar fields. However, when the
S-K tensor admits a decomposition in terms of K-Y tensors the anomaly
disappears. owing to the existence of the K-Y tensors.



Extended Taub-NUT spaces
Extended Taub-NUT metric defined on R* — {0}
ds? = f(r)(dr® + r?d6? + r?sin® 0 dp?) + g(r)(dx + cos 0 dy)?

f(r) and g(r) are functions given, with constants a, b, ¢, d, by

a + br ar + br?
f(r) = r ’ g(r)_l—l—cr—l—drz'
If one takes the constants
2b b?
C = —, d p— —2
a a

the extended Taub-NUT metric becomes the original Euclidean Taub-
NUT metric up to a constant factor.



Extended Taub-NUT space still admits a Runge-Lenz vector

K:p X ] —|—/€?

with .
k=—al + §cq2

where the conserved energy F is

— 2

_p q°
T2 T 29(r)

A direct evaluation shows that the commutator [H, K| does not vanish
implying the presence of the gravitational anomaly.

E



To illustrate for the third S-K K4 tensor in spherical coordinates

r ar cos
Re' == 2(a + br)
Ko = KO = Sir219
700 _ (a + 2br) cos 6

S 2r(a+ br)
(e _ (a + 2br) cot 6 csc 6

5o 2r(a + br)

2a 4 3br + br cos(26) csc? 0

K?S)OX — Ké(@ — _( 4r(a N br() )
KX = (@ — adr? 4+ br(2 + cr) + (a + 2br)) cot? 0) cos 0 |

2r(a + br)



Just to exemplify, we write down from the commutator [H, K] the func-
tion which multiplies the covariant derivative D,

3r cos 6
A(a +br)3 (1 + cr +dr?2)?
{—2bd(2ad — be)r® +
3bd(2b — ac) — (ad + be)(2ad — be)|r? +
2(ad + be)(2b — ac)r + a(2ad — be) + (b + ac)(2b — ac) }

As it is expected there is no gravitational anomaly for the standard
2
Euclidean Taub-NUT metric (¢ = 22,d = %) .



Index formulas and axial anomalies

Let (M, g) be a closed Riemannian spin manifold of odd dimension, 3:
the spinor bundle and D the (self-adjoint) Dirac operator on M. Let

IT£ : C°(M, %) — C®(M,X)

be the spectral projections associated to D and the intervals [0, co0),
respectively (—oo,0]. If ¢ is an eigenspinor of D of eigenvalue T', then

wen={ g7 T2 - { g AT

0 otherwise; 0 otherwise.

Let now g% be a Riemannian metric on the cylinder X := [l1,ls] x M.
Endow X with the product orientation, so that {l1} x M is negatively
oriented and {lo} x M is positively oriented inside X. Let D% be the
chiral Dirac operator on X. For each t € [l1,[5] let g; be the metric on
M obtained by restricting g~ to {t} x M. We denote by X; the spinor
bundle over (M, g;) and by D;, II the Dirac operator and the spectral
projections with respect to the metric g;.



There exist canonical identifications of the spinor bundle »;  with

YE(X )ity xm- Denote by ¢; the restriction of a positive spinor from X
to {t} x M.

Theorem 1 Let X = [l1,l2] X M be a product spin manifold with a
smooth metric g~ as above. Set

C™(X, X7, II7) := {¢ € C(X,X7); 1T, ¢y, = 0,1I;] ¢, = 0}
Then the operator
DT C®(X, N1, IIT) — C®(X,X7)

is Fredholm, of index equal to the spectral flow of the pair (Dy,, Dy,).



Berger introduced a family of Riemannian metrics on the 3-sphere as
follows: The Hopf fibration h : 2 — S? defines a vertical subbundle V
in T'S®. Let H C T'S? be the orthogonal complement with respect to the
standard metric ggs. Then h becomes a Riemannian submersion when
we endow S° with its standard metric, and S? with 4 times its stan-
dard metric. Let gy, gy denote the restriction of ggs to the horizontal,
respectively the vertical bundle.

For each constant A > 0 the Berger metric g\ on S° is defined by the
formula

gx = gu + Ngv.

Lemma 2 For A < 2, D) has no harmonic spinors.

Proof: It is easy to compute the scalar curvature of g). Namely, x(gy)
is constant on S, k(gx) = (4 — A?)/12. In particular k(gy) is positive
for A < 2. Lichnerowicz’s formula proves then that ker Dy = 0. m



Theorem 3 Let
AN == {(p,q) e N*}; 02 =2/(p — q)2 + 4\2pq}.

Then
dimker(D)) =N(A\):= >  p+q.
(p,q) EA(N)
If N(\) > 0 there exists ¢ > 0 such that for [t — \| < €, the "small”
ergenvalues of Dy are given by famalies

T(t,p,q) := % - \/<p ;261)2 +4pq, (p,q) € A(N)

with multiplicity p + q.

In particular, the first harmonic spinors appear for A\ = 4 where the
kernel of D, is two-dimensional. Moreover, the set of those A € (0, 00)
for which N (\) # 0 is discrete. For [ > 0 set

S(1) ==Y N(N).

A<l



Corollary 4 The spectral flow of the family { Dy }+ci 1, of Berger Dirac
operators equals S(l2) — S(l1).

Proof: By differentiating T'(t, p, q) we see that the functiont — T'(¢,p, q)
is strictly increasing, so the spectral flow of the family {D;} across A is
precisely N(\). m

For the extended Taub-NUT metric ds% on R*\ {0} ~ (0,00) x S? in
terms of the Berger metrics

5 5 dr?
dSK = (aﬂ“ —I— bT ) 7“—2 —|— 49)\(7") ,
where |
A(r) =
(r) V1+ er -+ dr?

Axial anomalies translate to Dirac operators with non-vanishing index.
We are interested in the chiral Dirac operator on a annular piece of
R*\ {0}. First set X, 5, := [l1,l2] x % € R*\ {0} with the induced
extended Taub-NUT metric.



Theorem 5 The index of DV over (X, 1,,ds%) with the APS boundary
condition s

index(D") = S(A(l2)) — S(\(l1))

Proof: By Theorem 1 the index is equal to the spectral flow of the
pair of boundary Dirac operators. Now the metrics on the boundary
spheres are constant multiples of the Berger metrics gy(,), respectively
gx(i,)- The spectral flow of a path of conformal metrics (even with non-
constant conformal factor) vanishes by the conformal invariance of the
space of harmonic spinors . Thus the spectral flow can be computed
using the pair of metrics gy(,) and gx(,). The conclusion follows from
Corollary 4. =

Corollary 6 If ¢ > ——V125d then the extended Taub-NUT metric does
not contribute to the axial anomaly on any annular domain (i.e., the

index of the Dirac operator with APS boundary condition vanishes).

Proof: 'The hypothesis implies that A\(r) < 4 for all » > 0. From the
remark following Theorem 3 we see that S(A(l1)) = S(A(l2)) =0. m
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