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|. Singularity in quantum mechanics

Hamiltonian ’
singular

demand: H be self-adjoint = probability conservation

at the singularity




to find connection conditions ...
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Wronskian is well-defined
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probability current
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probability current
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probability current
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probability current

ill-defined
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probability conservation
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boundary vectors ¢ — (”’

connection
condition
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there exists a U(2) family of ‘distinct’ singularities

UecU(2)

— —
x=0

cf. theory of self-adjoint extension (inequivalent quantizations)

self-adjoint domains Duv(H)cH of H

forma U(2) family (from deficiency indices)

remark: self-adjoint extensions depend on how V(z) diverges




boundary vectors
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we may choose the reference modes s.t.
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characteristic connection
matrix condition

Dirichlet

Neumann




characteristic connection
matrix condition

chiral

anti-chiral

Hadamard
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o-potential V() = e8(z)

. hE
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e-potential ‘opposite’ to & with
(d’-potential) discontinuity in ¥

connection
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control of the property of quantum singularities
yields a variety of phenomena/applications such as

spectral anholonomy (Berry phase)

strong-weak coupling duality
N = 2 or 4 supersymmetry
qubit (g-abacus)

emergence of pressure

inequivalent quantizations




2. Quantum pressure and statistics

chiral connection

Dirichlet

- | pressure by distinct
2
Dirichlet ~ boundary conditions
on the left and

Dirichlet partition
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1\? _
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fermions

N, NI

particle number
net pressure .~ atleveln
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(i) bosonic case
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(ii) fermionic case
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characteristic temperature/statistics dependence

|) unique minimum ¢ i, AF(t)

2) zero temp. limit
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3) high temp. behaviour
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measurement of pressure by partition shift

stability
condition

at zero temp.
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e temp. dep. is similar

® order is |/N for fermions

® scaling law for N
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3. N = 3 Calogero Model

N particle Calogero
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separation of variables H = Ho + Hye singular
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solution for the relative part

Hamy = Ay
H.\Rp) = ERg, with H,, =H,+ A

N = 3: polar coordinates (7, ¢)
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our strategy

M:=Hga =—p find self-adjoint extensions

Hy \ =P find self-adjoint extensions

range of coupling constant

1 3 admits nontrivial self-adjoint
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angular part
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require: Dy symmetry for connection connections

= [g invariant quantizations

reference modes
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connection connections
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basic solutions for sector |

otherwise
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other sectors
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general solutions
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representations of [
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radial part
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unique self-adjoint extension

U(I) self-adjoint extensions
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spectral condition

if x(A)=0 ==p Calogero’s choice

pma(r) = T2tV 3 [VA (2 generalized Laguerre polynomial

Epx = 2c(2m + 1+ V), m=0,1,2,...,




explicitly solvable cases

|) Dirichlet case U = —1,
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total eigenstates
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solution




2) free case U = o,

| dim. irrep. angular states

Efr=2c(2m+1+312n+ (1 —v)|),
Eor=2c(2m+1+32n+1+(1-v))).
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2 dim. irrep. angular states
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harmonic oscillator limit v — 1

ni(d) =™, k=0,1,2,....

R (r) = r¥e 2 LE (er?)

Vok(r,d) = Rua(r) i (6),  Ep=2¢(2m+1+k)

reduces to the standard 2 dim. harmonic oscillator

smooth limit (unlike other cases)

=== distingiuished quantization




angular spectra

total energy spectrum
(free case)

Calogero

#= T




cf.) Mirror- S5 and scale invariant quantizations

angular spectra total energy spectrum

x?
=}
i X
) i
.‘T‘.1

o

parameter of
inequivalent
quantizations
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Summary

U(2) family of different singularities (self-adjoint
extensions) for each singularity on a line

Resultant quantum systems exhibit distinct physical
properties (e.g., energy spectra or pressure)
depending on the characteristics of the singularity

These properties may also depend on the statistics
and the number of the particles in a particular
manner (scaling laws in quantum well)

Calogero model admits a variety of inequivalent
quantizations with distinct spectra including
Calogero’s original one as a special case




