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HOW
MONOPOLES PROVIDE
AN EQUIVALENCE OF

INTEGRABLE SYSTEMS



Let X and Y be phase spaces of two completely

integrable classical systems

dimX = dimY = 2n

Then there exists a symplectic transform to

the action-angle variables

X → T ∗T , Y → T ∗T ,

T – the Liouville torus, dimT = n.



EXAMPLES

1. Elliptic Calogero-Moser system ⇔ Elliptic

GL(N,C) Top ;

2. Calogero-Moser field theory ⇔ Landau-

Lifshitz equation;

3. Painlevé VI ⇔ Zhukovsky-Volterra gyrostat.



PLAN

1. Two examples of Hitchin systems -

Elliptic Calogero-Moser (ECMS) systems

and Elliptic Tops (ET).

2. What is the Hitchin systems?

3. Higgs bundles description of ECMS and

ET.

4. Symplectic Hecke correspondence - gen-

eral approach.

5. Symplectic Hecke correspondence

ECMS → ET.



N-body Elliptic Calogero-Moser
System (ECM)

Στ - elliptic curve C/(Z+ τZ).

Phase space RECM = (v,u):
u = (u1, . . . , uN), uj ∈ Στ - coordinates of par-
ticles,
v = (v1, . . . , vN), (vj ∈ C) - momentum vector,
Poisson brackets {vj, uk} = δjk.

Hamiltonian:

HCM = 1
2|v|2 + ν2 ∑

j<k ℘(uj − uk) ,

℘(z) - Weierschtrass function,
℘(z + 1) = ℘(z + τ) = ℘(z), ℘(z) ∼ 1

z2, z → 0,
ν2 - coupling constant.



Elliptic Top on GL(N,C) (ET)

Basis in gl(N,C)

Z(2)
N = (Z/NZ⊕ Z/NZ) , eN(x) = exp

2πı

N
x

Ta =
N

2πi
eN(

a1a2

2
)Qa1Λa2 , a = (a1, a2) ∈ Z(2)

N

QN = diag(1, eN(1), . . . , eN(N − 1)) ,

ΛN =
∑

j=1,N, (mod N)

Ej,j+1

[Tα, Tβ] =
N

π
sin

π

N
(α× β)Tα+β ,

Poisson brackets on Lie coalgebra g∗ = gl(N,C)∗
S =

∑
α∈Z(2)

N \(0,0)
SαTα ∈ g∗

{Sα, Sβ} =
N

π
sin

π

N
(α× β)Sα+β .



Phase space of ET

RET = {S ∈ g∗ |S = gS0g−1 , g ∈ GL(N,C)}
RET ∼ O - coadjoint orbit.

Euler-Arnold Hamiltonian

HET = −1
2tr(S · J(S))

J(S) : Sα → ℘αSα - inverse inertia tensor

℘α = ℘

(
α1 + α2τ

N

)

α ∈ Z̃(2)
N = Z(2)

N \ (0,0)

Equations of motion

∂tS = {HET ,S} = [J(S),S] ,

∂tSα =
N

π

∑

γ∈Z̃(2)
N

SγSα−γ℘γ sin
π

N
(α× γ) .



Symplectic Hecke Correspondence

ECM ⇔ ET

Assume that the coadjoint orbit is degenerate

S0 = ν




0 1 . . . 1
1 0 .. . 1
... . . . . . . ...
1 . . . 1 0




Then dimRET = 2N = dimRCM

There exists the SH transformation

S = S(v,u, ν)

of the ECM system

∂tum = −ν2 ∑
j 6=m ∂2

um
℘(uj − um)

to the ET equation

∂tSα = N
π

∑
γ∈Z̃(2)

N

SγSα−γ℘γ sin π
N (α× γ) .



WHAT IS THE HITCHIN SYSTEMS?
TOPOLOGICAL GL(N,C) FIELD THEORY

SPACE-TIME:

R× Cg,n,

Σg,n – Riemann curve of genus g with n marked

points (x1, . . . , xn).

(z, z̄) - local complex coordinates.



Fields R = (Ā,Φ,Sa):

1) Vector fields: (∂̄ + Ā)⊗ dz̄,

Ā(z, z̄) : Σg,n → gl(N,C),

2) Higgs fields Φ(z, z̄)⊗dz, Φ : Σg,n → gl(N,C)

3) Spin variables, attributed to the marked points

Sa, a = 1, . . . , n,

Sa = g−1Sa(0)g, Sa ∈ Oa- coadjoint GL(N,C)-

orbit.

The background charge (the Chern class):

c1 =
∫
Cg,n

∂Ā

R(c1) – Higgs bundles with the quasi-parabolic

structures at the marked points



Poisson brackets:

Let Tα, α = (α1, α2) be a basis in gl(N,C),

α1,2 = 0,1, . . . , N − 1, [Tα, Tβ] = C
γ
α,βTγ.

1) Canonical brackets:

Ā =
∑
α

ĀαTα , Φ =
∑

β

ΦβTβ .

{Φα, Āβ} = 〈TαTβ〉 , (〈 〉 = trace in ad)

2) Linear (Lie) brackets:

Sa =
∑

α Sa
αTα

{Sa
α, Sb

β} = δa,bC
γ
α,βSa

γ



HITCHIN HAMILTONIANS

Let Ω(1−j,1)(Σg,n) (j = 2, . . . , N) be the space

of differentials of type
(

∂
∂z

)j−1 ⊗ dz̄, vanishing

at the marked points.

νj,kj
- basis in Ω(1−j,1) , kj = 1, . . . , nj,

nj = (2j − 1)(g − 1) + jn

Hj,k = 1
j

∫
Cg,n

νj,k〈Φj〉 .

{H(j1,k1)
, H(j2,k2)

} = 0

Number of integrals

dN,g,n =
N−1∑

j=1

nj = N2(g−1)+1+
1

2
N(N −1)n .



Equations of motion:

∂

∂tj,k
Φ = {∇Hj,k,Φ} = 0 ,

∂

∂tj,k
Ā = νj,kΦ

j−1 ,

∂

∂tj,k
Sa = 0



ACTION

S =
∑N

j=2
∑nj

k=1
∫
Rj,k

∫
Cg,n

(
〈Φ∂j,kĀ〉+

+
∑n

a=1〈Sag−1
a ∂j,kga〉 −Hj,k

)
dtj,k ,

∂j,k = ∂
∂tj,k

.

Hj,k = 1
j

∫
Σg,n

νj,k〈Φj〉 .



GAUGE SYMMETRIES

Gauge group

G = { smooth maps : Σg,n → GL(N,C)}
The action is invariant with respect to the

gauge action

Ā → f−1∂̄f + f−1Āf ,

Φ → f−1Φf ,

Sa → (fa)−1Safa , fa = f(z, z̄)|z=xa .

The Gauss law (the Hitchin equation)

∂̄Φ + [Ā,Φ] =
∑n

a=1 Saδ(z − xa, z̄ − x̄a) .

Physical degrees of freedom - reduced phase space

Rred = R(Ā,Φ,Sa)/(Gauss law)+(gauge fixing)

Rred –the moduli space of Higgs bundles

Rred ∼ R//G



Dimension of the reduced phase space

dimRred = 2(g − 1 +
1

2
n)N2 −Nn + 2

Integrability:

• Number of integrals

dN,g,n =
∑N−1

j=1 nj = N2(g − 1) + 1 + 1
2N(N − 1)n .

•• Involutivity

{Hj,k, Hj′,k′} .



Equations of motion on reduced phase
space

Let us fix a gauge

Ā0 = (f−1∂̄f)[Ā] + f−1[Ā]Āf [Ā] .

Then

L = f−1[Ā]Φf [Ā]

∂̄L + [Ā0, L] =
n∑

a=1

Saδ(xa, x̄a)

Eqs. on Rred:

∂j,kL = [L, Mj,k] − Lax equation

∂̄Mj,k + [Mj,k, Ā0] = Lj−1µj,k − ∂j,kĀ0

Spectral curve

C : f(λ, z) = 0 , f(λ, z) = det(λ− L(z)).



The main goal is a description of the map

(Symplectic Hecke Correspondence)

Ξ : Rred(c1) → Rred(c1 + 1) .

dimRred = 2(g − 1 +
1

2
n)N2 −Nn + 2 .

Ξ : L(c1) → L(c1 + 1).



EXAMPLES

1.Elliptic Calogero-Moser systems
(CMS) (c1 = 0)

C1,1 ∼ Στ - elliptic curve C/(Z + τZ) with a

marked point z = 0.

Ā(z + 1) = Ā(z) , Φ(z + 1) = Φ(z) ,

Ā(z + τ) = Ā(z) , Φ(z + τ) = Φ(z)e(−u) .

The degenerate orbit O at the marked point

z = 0, S ∈ O.



Reduced phase space RCM :

1) The gauge fixing: Ā → Ā0 = diag(u1, . . . , uN),

(
∑

uj = 0),

u - moduli of the bundle degree zero (c1 = 0).

O → νS0

2)The solution of the Gauss law:

Φ → LCM = V + X ,

V = diag(v1, . . . , vN) ,
∑

vj = 0 ,

Xjk = νφ(uj − uk, z) ,

φ(u, z) =
θ(u + z)θ′(0)

θ(u)θ(z)
,

θ(z) = q
1
8

∑
n∈Z(−1)n exp2πı(1

2n(n +1)τ + nz),

RCM = {v,u} , dimRCM = 2(N − 1)



2. Elliptic Top (ET)(c1 = 1)

C1,1 ∼ Στ - elliptic curve C/(Z + τZ) with a

marked point z = 0.

Ā(z + 1) = QNĀ(z)Q−1
N ,

Φ(z + 1) = QNΦ(z)Q−1
N ,

Ā(z + τ) = ΛNĀ(z)Λ−1
N ,

Φ(z + τ) = ΛNΦ(z)Λ−1
N ,

The degenerate orbit O at the marked point

z = 0.



Reduced phase space RET :

1)The gauge fixing: Ā → Ā0 = 0.

The coadjoint orbit:

Rred = {O = S = gS0g−1} ,

S =
∑

α∈Z(2)
N \(0,0)

SαTα ∈ g∗

2)The Gauss law solution:

Φ → LET =
∑

α∈Z(2)
N \(0,0)

Sαϕα(z)Tα ,

ϕα(z) = eN(α2z)φ(α1+α2τ
N , z)

dimRET = dimRCMS = 2N − 2 .



HECKE CORRESPONDENCE

M = C × R , M = {p = (z, z̄, y)}
Monopole at p0 = (z0, y0)

∂Ā ∼ ∂y
B

|p− p0|
, B = diag(1,0, . . . ,0) .

The monopole increase the Chern class:

c1 → c1 + 1



Symplectomorphisms of CMS and
ET

There exists the upper modification Ξ+ such

that

LET = Ξ+LECM(Ξ+)−1

• Quasi-periodicity:

Ξ+(z + 1, τ) = −Q×Ξ+(z, τ) ,

Ξ+(z+τ, τ) = Λ̃(z, τ)×Ξ+(z, τ)×diag(eN(uj))

•• An eigen-vector r = (r1, . . . , rN)

pr = p0
i r , p ∈ Õ

such that Ξ+r = 0.

Ξ+(z,u, ri) = Ξ̃(z)diag
(

(−1)l

rl

∏
j<k;j,k 6=l θ(uk − uj)

)



Ξ̃ij(z,u; τ) = θ

[
i
N − 1

2
N
2

]
(z −Nuj, Nτ)

θ

[
a
b

]
(z, τ) =

∑

j∈Z
exp2πı

(
(j + a)2

τ

2
+ (j + a)(z + b)

)
.



EXAMPLE (N = 2)

Two-body ECM:

∂tu = v , ∂tv = −ν2∂u℘(2u)

Euler top on SL(2,C)

~S = (S1, S2, S3) ∈ C3 , S2
1 + S2

2 + S2
3 ∼ ν2

∂t
~S = ~S × ( ~J · ~S)

~J · ~S = (J1S1, J2S2, J3S3),

J1 = ℘(τ
2), J2 = ℘(1+τ

2 ), J3 = ℘(1
2)

Symplectic Hecke Correspondence

(v, u) → ~S

{v, u} = 1 , {Sα, Sβ} =
2

π
εαβγSγ .



Hecke correspondence

S1 = −v
θ10(0)

θ′11(0)

θ10(2u)

θ11(2u)
−

ν
θ2
10(0)

θ00(0)θ01(0)

θ00(2u)θ01(2u)

θ2
11(2u)

,

S2 = −v
θ00(0)

ıθ′11(0)

θ00(2u)

θ11(2u)
−

ν
θ2
00(0)

ıθ10(0)θ01(0)

θ10(2u)θ01(2u)

θ2
11(2u)

,

S3 = −v
θ01(0)

θ′11(0)

θ01(2u)

θ11(2u)
−

ν
θ2
01(0)

θ00(0)θ10(0)

θ00(2u)θ10(2u)

θ2
11(2u)

,

S2
1 + S2

2 + S2
3 ∼ ν2



Open problem:

Classical S-duality:

The spin variables at the marked points ⇐⇒
the Hecke transformations

Sa ⇐⇒ Ξa .


