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HOW
MONOPOLES PROVIDE
AN EQUIVALENCE OF
INTEGRABLE SYSTEMS



Let X and Y be phase spaces of two completely
integrable classical systems

dmX =dmY = 2n

Then there exists a symplectic transform to
the action-angle variables

X —-T"T, Y —-T*T,

T — the Liouville torus, dimT = n.

X . @T

— )



EXAMPLES

1. Elliptic Calogero-Moser system < Elliptic
GL(N,C) Top ;

2. Calogero-Moser field theory < Landau-
Lifshitz equation;

3. Painlevé VI & Zhukovsky-Volterra gyrostat.



PLAN

1. Two examples of Hitchin systems -
Elliptic Calogero-Moser (ECMS) systems
and Elliptic Tops (ET).

2. What is the Hitchin systems?

3. Higgs bundles description of ECMS and
ET.

4. Symplectic Hecke correspondence - gen-
eral approach.

5. Symplectic Hecke correspondence
ECMS — ET.



N-body Elliptic Calogero-Moser
System (ECM)

> . - elliptic curve C/(Z + 77Z).

Phase space RECM —= (v, u):

u=(uy,...,uyn), u; € 5 - coordinates of par-
ticles,
v=(v1,...,vn), (v; € C) - momentum vector,

Poisson brackets {v;, ug} = 4.

T

Hamiltonian:

©(z) - Weierschtrass function,

ez + 1) = p(z+7) = p(2), @(Z) 2, z — 0,
v2 - coupling constant.



Elliptic Top on GL(N,C) (ET)

Basis in gl(N,C)

271

7?) = (Z/NZ® Z/NTZ), en(z) = exp e

N aia
To=_en(“5QMA®, a= (a1,a2) € Zy
QN — dlag(laeN(l)a <o 7eN(N — 1)) 9
AN = > Ejj+1

j=1,N, (mod N)

N |«
[To, Tg] = —sin N(a X B)Ta48

Poisson brackets on Lie coalgebra g* = gl(N,C)*

—_ >k
S = Zaezgf)\(o,O) Sala € 9

N . =«
{Sa, Sﬁ} — ?S”’] N(Oé X ﬁ)Sa_I_ﬁ .



Phase space of ET

REL = (S cg*|S=gSgg™ !, g € GL(N,C)}

RET ~ O - coadjoint orbit.

Euler-Arnold Hamiltonian

J(S) : Sa — paSa - inverse inertia tensor

a1 + 042’7')

pa:p( N

aeZ® =72\ (0,0)
Equations of motion

oS = {H"1,S} = [J(S),9],

N T
WEZ%?)



Symplectic Hecke Correspondence
ECM < ET

Assume that the coadjoint orbit is degenerate

01 ...1
So=v|, o,
1 ... 1 0

Then dimRET = 2N = dimREM

There exists the SH transformation

S =S(v,u,v)
of the ECM system

to the ET equation




WHAT IS THE HITCHIN SYSTEMS?
TOPOLOGICAL GL(N,C) FIELD THEORY

SPACE-TIME:

R x Cgn,

> 4n — Riemann curve of genus g with n marked
points (x1,...,xn).

(z,2z) - local complex coordinates.




Fields R = (A, ®,S%):

1) Vector fields: (0 + A) ® dz,

A(z,2) : >gn — 9l(N,C),

2) Higgs fields ®(z,z2)®dz, ® : X4, — 9l(NV,C)
3) Spin variables, attributed to the marked points
ST a=1,...,n,

S¢ = ¢—182(0)g, S® € ®% coadjoint GL(N,C)-
orbit.

The background charge (the Chern class):

C1 — ng,n 814_1

R(c1) — Higgs bundles with the quasi-parabolic
structures at the marked points



Poisson brackets:

Let To, o = (a1,a9) be a basis in gl(N,C),
a120=0,1,...,N -1, [Ta,T3] = CgﬁT,y.

1) Canonical brackets:

A:;AQTQ, <D:%:<D5Tﬁ.

{®Pa, Ag} = (TuTp), (( ) =trace in ad)

2) Linear (Lie) brackets:
SCL — ZO& SgTa

{86, S5} = 6°C 555



HIT CHIN HAMILTONIANS
Let Q13D (Z,,) (j=2,.. N) be the space

of differentials of type (%)]_ ® dz, vanishing
at the marked points.

vik, - basis in QUL k=1, ny,

nj = (27 —-1)(g—1) +jn

_ 1 '
Hjk =5 Jcy, vik(®!).

{H(jlakl)’ H(jz,l@)} =0

Number of integrals

N—-1
dNgn= > nj=N?%(g—1)+1+ N(N 1)n.
=1



Equations of motion:

0
% o ={VH;,, ®}=0,
0 i
ot I
J:k



ACTION
— -
S= o2l IR, Jegn (<¢3j,kA>+
+ " 1(S%g 10, ga) — Hj,k) dt; r

8, ) = 72—
Jik T Oty

1 '
Hjp =5 Js,,Vik{P)).



GAUGE SYMMETRIES
Gauge group

G = {smooth maps : X;, — GL(N,C)}

The action is invariant with respect to the
gauge action

A— frof 4+ tAf,
S — frlof,

S* — (fNTISY Y, f = f(2,2)|:=z4-
The Gauss law (the Hitchin equation)

Physical degrees of freedom - reduced phase space

R™ = R(A, d,8%)/(Gauss law)-+(gauge fixing)

RTed —the moduli space of Higgs bundles

Rred ~ R//g



Dimension of the reduced phase space

1
dimR™ =2(g— 1+ 5n)N2 — Nn+2

Integrability:
e Number of integrals

dN,gn = Z;‘Vz_ll n; = Nz(g -1+ 1+ %N(N — )n.

ee INnvolutivity

{Hj7k, Hj/,k/} .




Equations of motion on reduced phase
space

Let us fix a gauge

Ao = (F7Lan[A] + FLAAf[A].

Then
L= f'[A]®of[A]
OL + [Ag, L] = Y S*(xa,Za)
a=1
Egs. on R7ed:

O; L = [L,Mj,k] — Lax equation

OM;  + [Mj g, Ao) = L7y — 95 1 Ao

Spectral curve

C: f(Az)=0, f(Az)=det(A— L(z)).



The main goal is a description of the map

(Symplectic Hecke Correspondence)

= : Rrel(¢q1) — Rrel(eq +1).

1
dim R = 2(g — 1 +§n)N2 — Nn—+2.

= L(cy) — L(cy +1).



EXAMPLES

1.Elliptic Calogero-Moser systems
(CMS) (1 =0)

C11 ~ s - elliptic curve C/(Z + 7Z) with a
marked point z = 0.

A(z+1) = A(2), ®(z+1) = d(2),
A(z+717) = A(2), P(z+7) = P(2)e(—u).

The degenerate orbit O at the marked point
z=0, Se0.



Reduced phase space R¢M

1) The gauge fixing: A — Ay = diag(uq,...,un),

u - moduli of the bundle degree zero (¢1 = 0).
O — I/SO

2)The solution of the Gauss law:

®— LM =v4X|,

V = diag(vy,...,vN), quj =0,
]k - I/Qb(’u,] U’k7z)7

0(u + 2)6'(0)
0(w)0(z)

0(2) = g8 ez (—1)" exp 2m(3n(n+ 1)1 + nz),

¢(u, z) =

RM = fv u}, dimRM =2(N —1)



2. Elliptic Top (ET)(c; =1)

C11 ~ Zr - elliptic curve C/(Z + 7Z) with a
marked point z = 0.

A(z+1) = QNA(2)QN

P(z+1) = QnP(2)Qy,

Az 4+ 1) = ANAGR)AG,

(24 7) = ANP()AT,

The degenerate orbit O at the marked point
z=0.



Reduced phase space RET:

1) The gauge fixing: A — Ag = 0.
The coadjoint orbit:

R ={0 =S =gSog '},
Sala € g*

S = Zozezgf)\(o,O)
2)The Gauss law solution:

¢ — LA =¥ Sapa(2)Ta|,

aez{P\(0,0)

pa(z) = en(anz)p(21te2T )

dimRET = dimREMS =oN — 2.



HECKE CORRESPONDENCE

M=CxR, M={p=1(z219)}
Monopole at pg = (20, y0)

B
lp — pol
(Ao, o, C1) (As, gr,ct1)

DA ~ 9y B = diag(1,0,...,0).

The monopole increase the Chern class:
c1 —c1+1



Symplectomorphisms of CMS and
ET

There exists the upper modification =71 such
that

[ ET _ E-l—LECM(E-I-)—l
e Quasi-periodicity:
=t(z4+1,7)=-Qx=T(z,1),
=t(z+47,7) = Az, 7) x =1 (2,7) x diag(en(u;))
ee An eigen-vectorr = (r1,...,7N)

pr :p,?r, P < O
such that =*r = 0.




a1
Eij(z,u;T) =9[ Nﬁ 2 ](Z—Nu]',NT)
2

9[ Z ](2,7') =

> exp2m (G + )22 + (G +a)z+b) .

=/



EXAMPLE (N = 2)

Two-body ECM:

Ou = v, O = —120up(2u)

Euler top on SL(2,C)

S = (S1,52,83) € C3, S+ S5+ S5 ~ v

8:S=Sx(J-S)

—

J S = (J151, 252, J353),
J1 = (%), J2=p(*ED), J3=p@3)

Symplectic Hecke Correspondence
(v,u) — S

2
{v,up =1, {Saq,S3} = GQBVSV.



Hecke correspondence

010(0)010(2u)
071(0) 011(2u)

910(0) HOO(QU)QOl(QU)
" 000(0)801 (0) 02, (2u) ’

000(0) Opo(2u)
1931(0)911(2u)

5 055(0)  010(2u)0o1(2u)
1010(0)001(0) 6%, (2u) ’

001(0) 001(2u)
0,,(0)011(2u)

05,(0)  0op(2u)b10(2u)
" 000(0)810(0) 071 (2u) ’

S2 4+ 55+ 55 ~ v

S1 = —v

Sp = —v

S3 = —v




Open problem:

Classical S-duality:
The spin variables at the marked points <—

the Hecke transformations

S «e— =%,



