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1. Introduction

e 2-dim. Exactly Solvable Lattice Models

Vertex models Face models
€1 a b
’ a b
R(u—v)7 =" c2 £2 w u |l = u
12 d c
€ d c

Yang-Baxter Eq. :

X e A% il B

Elliptic solutions ass. with Affine Lie Algebra :

~
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e Success of U,(g) in Trig. Vertex Models
- Derivation of R(z) (Jimbo'86)
- Vertex operators : (Frenkel-Reshetikhin’92)
®(2): VA) = V(p) ® V.
- Correlation functions (Jimbo-Miwa et.al.”92)

~ try(ng? ®(z1) -+ B(zy)



e Elliptic Quantum Groups
Foda-Iohara-Jimbo-Miwa-Kedem-Yan '94
Felder 95, K ’98, Fronsdal 97, JKOS 99

Quasi-Hopf deformation:

E(r)  Ag(sly) (p=g*,r €C)
/7
Uq(g)

N
F()) Bya(g) (g: aff.Lie alg., A € b)

EX. The Face Type Elliptic Quantum Group B, x(g)
F(A) eU,®U, (A €1), invertible, satisfying

= FA)(AQIidFA) = F®\+hrV)(id ® A)F(N)

(Uq(g)a Aa €, S? R) - Bq,)\(g) — (Uq(g)a A)\a €, S? R()‘)a )

Ax(a) = FN)A(a)F(A\)™'  Va € Uy(y),
R(A) = FEVARF1(N), etc.

RIDA + RCHYRIBIN)RE)(X + )
— ’R(23)(>\)’R(13)()\ s h(2))R(12)()\)



The Face Type Twistor F(\)
(Jimbo-K-Odake-Shiraishi ’99)

e {h;} : basis of h, {h'} : dual basis, h = p*
e pEbhst. (play) = %(Oéz|Oéz)
e R: the universal R matrix of U,(g)

o v, = Ad(g2MP+X hzhl)

Theorem

FO) = [[((p)" ®@id)(@™R)™Y, T=> h@Hh

m>1

satisfies the shifted cocycle condition.

Hence

(Ua(0); A, e, 8, R) —2 B 1 (8) = (Uy(g), Axs €, S, R(A))

Similarly,

(Uy(sIn)s Ay e, S, R) 2 A, (siy) = (Ug(sin), Ay, g, S, R(r))

However,
No a priori reason that B, (g) and A, ,(sIx) are
Elliptic !

AN

sy case ! Frgnsdal '97, JKOS 99, Kojima-K 03
Agz) case : Kojima-K 04



We will show

e For any affine Lie algebra g and any finite

dim. rep. (mwy, V) and (7w, W) of B, (g),

A v p
(mv @ Tw)R(z,—A) = > Cvw | wy  w,|2 | B ® Ejj,
1,2/ 5,5' ’
n vy v

and the matrix elements of Cyy are elliptic.

— § 11

e In the vector representation (7y, V),
(ry @7y )R (2, A) coincides with the face weight
obtained by Jimbo-Miwa-Okado ’87, ’88.
( conjectured by Frenkel and Reshetikhin 92 )

s § TII



IT. R(M\) and Connection Problem for the ¢-KZ Eq.
U,(g) (g : affine Lie alg.)

antidominant,

e M, : irr. Verma module with h.w. A ( ]
generic

o (my, V), (ww, W) : finite dim.rep.,
o V.=V ®C[z,z7'], W, : evaluation rep.

o Wi(z) = 2N ML (2),  Av= QR

Uh(z) : My — V.QM,, Wi(z)z = A(z)T4(2).

Ul (2 dRWY (z
° M)\ A( 1) .‘é1®Mu p,( 2)

‘/Zl ®WZZ®MV

Jvw(z1,22) = <id ®id ® u’, (id X \IlZ(zg)) \I!’)f(zl)ux> ,

(abbrgiate <\IIZ(Z2)\IIKI(Z1)> >

Theorem (g-KZ Eq.) (Frenkel-Reshetikhin ’92)

Jyw (@FT) 21, 20) = (7% @ id) Ryw (21/22) Jyw (21, 22)

k : the level of \

Solution: Jyw (21, 22) = G(22/21)J(22/21),
e G(z) is meromorphic and determined uniquely.

e J(z2/z1) is unique, analytic in |z;| > |z3| and analyt-

ically continued to |z1| < |z2|.



Theorem (Frenkel-Reshetikhin ’92)

(1) ¥(22) W3 (1)

A v N
V,’Uj/ u’,'w-/ Z]_
— E P\Il“, (251)\:[’)\ ¢ (ZQ)CVW wyr w Z_ ’
. - 2
(AN NV / .
7] ’UJ/ v

where P(v ® w) = w Q v,
(2) Cyw satisfies the face type YBE, the unitarity

and the crossing unitarity relations.

(3) Cyw is expressed as a ratio of elliptic theta functions.

The VO is determined uniquely by the leading vector v

s.t. \iﬁ(z)uA =vQ®u, + Z Viz " QR Uin, (vi€V, u;, €M,)
ve V! ={veV|wt(v) =c\—pn)}, wt(win) < uy-
We write this VO as ¥{""(z).



va(zl, Zz) and Fvw(z, )\)

Lemma

1
- - 2
<‘I’Z’w(22)‘1’§’v(zl)> = Fvw (—1, —)\) v R w

z2

Idea : Etingof-Varchenko ’99 for U,(g) (g: simple Lie alg.)

Sketch of proof.
e The difference eq. for F(A) (JKOS ’99):

Fyw(pz,A) = (¢a ® id) (Fyw(2,A)) - Ry "V (pz)

F(z,A) = | (p)" ®id)R;'(2), Ro=4q"R

m>1
A—p=rd+X—p, p=gq”

ox = Ad((pg®)%) o @y, @x = Ad(q2P—P IRt

Cf. Arnaudon-Buffenoir-Ragoucy-Roche ’98
for U,(g) (g : simple Lie alg.)

—2(k+hY)
9

e Under the identification p = ¢ the eq. for

Fyw(z1/z2,—A)"1 on v ® w coincides with the ¢-KZ eq.
for <\Ill’1’w(z2)\11§’”(z1)>.

e The solution is unique up to an overall constant factor.



Theorem

A v
Ryw(z,—-A) = >  Cvw |wj w;j| z [ Ejj @ Eiy
i 5.’ ,
wt(v;)+wt(w;) H Uy VvV

=wt (’Ui/ )+wt (’UJJ/ )

where v; € V', vy € Vi, wj € WY, wy € W;f/.

Proof. Set z = z,/z,.
Ryw (z,-A) (vi ® wy)
_ ), -1 —1/.. .
= Fyv (27 -A)Ryw (2) Fyw (z,-A) " (v @ w;)

(21)(z_1 )\)RVW(Z)< w2 2)\111% (2 1)>

A vop
= )z, 'A)ZP< o (2) Y '(Zz)>CVW wp  wj| 2
4 [1,, Vi UV
. -1 A vop
— 2
= Pva(Z 1,—)\) ZFWV (Z—,—)\> ('wj/ X 'Ui’)CVW w,r w;
! ! w vy v
A v op
— ZCVW wjr wj| 2 | (v @ wyr),
' uo vy v

Note Fo1) (271, -A\) = PFyv(z~%,-A\)P, P? = id.




We will show

e For any affine Lie algebra g and any finite

dim. rep. (mwy, V) and (7w, W) of B, (g),

A v p
(mv @ Tw)R(z,—A) = > Cvw | wy  w,|2 | B ® Ejj,
1,2/ 5,5' ’
n vy v

and the matrix elements of Cyy are elliptic.

— § 11

e In the vector representation (7y, V),
(ry @7y )R (2, A) coincides with the face weight
obtained by Jimbo-Miwa-Okado ’87, ’88.
( conjectured by Frenkel and Reshetikhin 92 )
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ITI. Vector Representation g = Ag\l,), B](\l,), C](\}), D](\lr)
Jimbo-Miwa-Okado’s sol. of the face type YBE
® J = {1,2,--- ,N +1} for AY
= {1,2,---,N,(0,) = N,---,—2,—1} for BY,c¥, D
e i (un€ J): weights € the vec. rep. of g
°a,=(a+plpt), anw=a,—a, (a€ch’)

o[u]:ﬁ1<% T>, r(#£0) € C

a b _ a b
c d

a-+ fi

I W ( s u)zl (1 # 0),
oLoa—+ 20
a+ [t . [1][0,“,, — u] U
( fa+p+o )_[1+u][auV] (b #2),
a+v u _[u]\/[aw"‘l][auv_l] U
( foatpio )_ At PTY)
- a—+ v _ [u]1]{ay,— + 1+ 1 — u
() W( . “) = =l + g, + 1Y C O
(n #v),

o) = I ulltllep + 1420 — ]

[n — u][1 + u][au,—, + 1+ 27]

[w][1][ay,—p +1+n — ] (@ + 1+ 27]
I — ][l 4 ul[au,—p + 1+ 27] ; @y + 1] Gay

a—i—u a

7: the crossing parameter

Gay = G&iﬂ, G,: the principally specialized char. for gV



A Connection Matrix for the difference eq. for

F(z,) in the vec. rep.

F(pz, ) = (@2 ®id)(F(z,A)) - ¢"R(pz)
Pr = Ad(*CPTER) T =3 "R @ b

e The R-matrix of U,(g) (Jimbo ’86, Bazhanov ’87) :

R(z) = p(z) Z E;; ® E;; + b(z) Z E;; ® Ej;

;% itL
+ Z (c(z)Ei,j R Eji+ zc(2)E;; ® Ei,j)
7
1
+(1 — ¢*z)(1 — &2) ?ZJ: aij(2)Ei; ® E—i,—j} :
2
b(z) = ql(l_——qzzz)’ c(z) = 11——qq2z’ ¢=q",..

e Noting F'(\) = H ((ea)™ ®id)(¢"R)~,

m>1

F(z,\) = f(2) Z E;; ® E;; + Z ij(Z)Em ® Ej;

1eJ 1,3
i20 i#tj
+) (X;?J-Z(Z)Ez',j ® Eji + Xji(2)Eji ® Ew)
i<j
i#j

+) X)) (2)Ei; ® E—i,—j} :
i



e The difference equation for F'(z, \):

1 X 1 blocks:
f(pz) = qFp(pz)f(z)  for Ay,
— qp(pz)f(z) for BNa CNaDN°
2 X 2 blocks:

( Y(pz) X7 (pz>>
jz‘(PZ) ji(pz)
:q( X1(2) qz("’i"'j)X‘-"?(Z)> ( b(pz) C(pZ))

P X () X(z) pze(pz) b(pz))

(iaj EJ, 7:'<j9 '1’#_.7)

|J| x |J| block:
_2(az ak—i—l)ak (pz) o
X” J = .7 € J).
i(p2) = 2; o ey ) i€ D)

e The 2 X 2 block consists of two indep. 2nd order
difference eqs. Their connection formulae

determine the counterpart of (I) of W.

e The part (II) of W is determined uniquely from
(I) by the YBE, the unitarity and the crossing

unitarity relations.



The 2nd order difference equation

(p° — p*T"T2) X (p*2) — {(p + p°) — (p* + P*)P=z} X (p=z)

+p(1— )X (2) = 0

Two independent solutions

b a—c+1 b—c+1
pP* p _ P P
201 . s Py = and z! C2¢1 . syPy =
D D

The connection formula (Mimachi ’89):

p*p® 1
2¢1 ( s Dy )
p° Z

T.(c\T..(b— a)® pl—az pa pa,—c—l—l e
_ TL(AT(b — a)®,( >2¢1( N—

Lp(0)T'p(c — a)Oy(pz) p@ o+l

I',(c)T,(a — b)O,(p'~0z p? pb—et! —a—
o) (@ = 5O, >2¢1( S—

Ip(a)Tp(c — b)Oy(pz) pb—atl

O©p(2) = (25P)o(P/ 25 P) o (D5 P) oo
(2:P)00 = | [ (1 — zp™)



Summary

o (my @ mw)R(z,A) is elliptic !

Application to Elliptic Lattice Models

e Face type: B, x(g)
— The elliptic Drinfeld currents: U, ,(g) (K 98, JKOS ’99)
© Free field realization of the space of states
Ham (2 irr. ¢-W(g) module ) and VOs &(z), ¥(z) : sly
© Correlation func. ( or Form factor ) ( Lukyanov-Pugai
st (@ ®(21) o - W (wy) -+ ) ’96; Asai et al. "96;
~» Continuum limit ? Kojima-K ’03)

- Affine Toda ( with imaginary coupling 7 )

e Vertex type: Ag,(sin)
— No satisfactory realization.
— But the Vertex-Face correspondence allows us to realize
the Vertex model in terms of the face model
© Correlation func. ( or Form factor )
;[2 case: Lashkevich-Pugai ’98, Kojima-K-Weston 05
~» Continuum limit ?
- Sine-Gordon, Super Sine-Gordon,

Fractional Super Sine-Gordon, - - -



