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The “Bootstrap Program”

Construct a quantum field theory explicitly in 3 steps
@ S-matrix using

@ general Properties: unitarity, crossing etc.
@ ‘“Yang-Baxter Equation”

©® ‘“bound state bootstrap”

@ ‘maximal analyticity’

@ “Form factors”
(0| O(X)| p1y---pn)" = e XPrttpn) FO (91, ... 0,)

using

@ the S-matrix
@ LSZ-assumptions
@ ‘maximal analyticity’

© “Wightman functions”
(010(x)O(y)|0) =3, [(0](x) [ n)™ "(n|¢(y)|0)

The bootstrap program classifies integrable quantum field theoretic models
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rability

Integrability in (quantum) field theories means:
there exits co-many conservation laws

9,0 (t.x) =0 (LeZ)
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Integrability

Integrability in (quantum) field theories means:
there exits co-many conservation laws

9,0 (t.x) =0 (LeZ)

Consequence in 1+1 dim.:
The n-particle S-matrix is a product of 2-particle S-matrices

S (py,....pa) =[] Siipis p7)

i<j

Babujian, Foerster, Karowski (FU-Berlin) The form factor program Budapest, June 2006 4/



Integrability

Integrability in (quantum) field theories means:
there exits co-many conservation laws

9,0 (t.x) =0 (LeZ)

Consequence in 1+1 dim.:
The n-particle S-matrix is a product of 2-particle S-matrices

S (py,....pa) =[] Siipis p7)

i<j

Further consequences
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Integrability

“Yang-Baxter equation" S$12513S23 = S$23513S12
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Integrability

“Yang-Baxter equation" S$12513S23 = S$23513S12

12)

“bound state bootstrap equation”  S(;3y3 r§122) = I'gz S13So3

(12) (12)
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SU(N) S-matrix

Example
0 Y
So(0) = >< = G035 b(0) + Sasdsy c(0).
b1 6>
a B

particles o, 3,7v,0 = 1,..., N < vector representation of SU(N)

Babujian, Foerster, Karowski (FU-Berlin) The form factor program Budapest, June 2006



SU(N) S-matrix

Example
g Y
SHOE >< = G0y 835 b(0) + Gas0, c(B).
4 01 6> 5
particles o, 3,7v,0 = 1,..., N < vector representation of SU(N)
Yang-Baxter = c(f) = —2N—7Z b(6)
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SU(N) S-matrix

Example
0 gl
SHOE >< = Gy 035 b(0) + 0505, c(0).
4 01 6> 5
particles o, 3,7v,0 = 1,..., N < vector representation of SU(N)
Yang-Baxter = c(f) = _2mi b(6)
N6
— A r(1- L4 2
= a(f) = b(0) + c(0) = — ( 2;”) ( ’;’ + 2;”)
T+ o) T(1= 5 = 2m)
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SU(N) S-matrix

Example
0 gl
SHOE >< = Gy 035 b(0) + 0505, c(0).
4 01 6> 5
particles o, 3,7v,0 = 1,..., N < vector representation of SU(N)
Yang-Baxter = c(f) = _2mi b(6)
N6
— A r(1- L4 2
= a(f) = b(0) + c(0) = — ( 2;”) ( ’;’ + 2;”)
T+ o) T(1= 5 = 2m)

The S-matrix has a bound state pole at = in = 27i/N.

Bound state of N — 1 particles = anti-particle [Swieca]
Budapest, June 2006 6/

The form factor program

Babujian, Foerster, Karowski (FU-Berlin)



Definition: Let O(x) be a local operator

(0[O0) [ p1,-.. )i o = FS o (01,....00)

)
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Definition: Let O(x) be a local operator

(0[O0) [ p1,-.. )i o = FS o (01,....00)
-

Properties of form factors

+ 'maximal analyticity’

LSZ-assumptions }
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Form factor equations

(i) Watson's equation

’J( ):FO (7017917)5’J(91_91)

i

i

d1<p1’0(0)| "-aPn>T7§:nn' =

0O FO (O +im,. . 0,)=FO, o (.. 0061 —iT)

(i) Crossing
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Form factor equations

(iii) Annihilation recursion relation

1
E GRGS_ Ff?“,,(el, . ) = C12 F?f/.)..n(93’ . ) (1 — 0’5952,, e 523)
12=IT

2o - (o) -

(iv) Bound state form factors
1 12
—= Res F83...n(Q) = F(?2)3...n(9(12)7Q/) rgz )

O12=in

ﬁ B1o=in

(v) Lorentz invariance

FO (014 u,....0n0+u)=e"FP (b1,...,0,)
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Locality and field equations

(i) = (iv) and a general crossing formula =

(6| [0(x),0()] [4)" =0

for all matrix elements, if x — y is space like.
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Locality and field equations

(i) = (iv) and a general crossing formula =

(o] [0(x), 0] [¥)" =0

for all matrix elements, if x — y is space like.

Exact form factors = Quantum field equations
E.g. sine-Gordon equation:

@
g

the “bare” mass \/« is related to the renormalized mass m by

in<¢‘DSO(t7X)+ ZSinﬁ¢;(t7X)’w>in:0

2 TV B
a=m"——— where v=_——5
sin v 8T — 0
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2-particle form factors

(0]10(0) | p1, p2) ™t = F ((p1 + p2)? £ i) = F (&012)
where p1ps = m? cosh 615.

Watson's equations

F() = F(-0)5(0)
Flitr—0) = F(in+0)

“maximal analyticity” = unique solution
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2-particle form factors

(0]10(0) | p1, p2) ™t = F ((p1 + p2)? £ i) = F (&012)
where p1ps = m? cosh 615.

Watson's equations

F() = F(-0)5(0)
Flitr—0) = F(in+0)

“maximal analyticity” = unique solution

Example: The highest weight SU(N) 2-particle form factor

T dt t 1 0
F(Q)—exp/ tsinhzteN smht(l—N) <1_C05ht<1_iw>>

0
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The general formula

Fc(?l...a,,(elv s 79n) = Kc(?l...a,,(g) H F(QU)
1<i<j<n
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The general formula

Fc(?l...a,,(elv s 79n) = Kc(?l...a,,(g) H F(QU)

"Nested off-shell Bethe Ansatz”

KO ,.(0) = / dzy - / dzm h(0, 2) pO(0, 2) L. 1, (2) W25 (0, 2)
Co Co
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The general formula

Fc(?l .Qn (917 ce 79n) = Kc(?l...a,,(g) H F(QU)

"Nested off-shell Bethe Ansatz”

z-- | dzmh(6,2) pO(0, 2 b1, 7
KS..on(0) = /cg" /ng b0, 2) P00, 2) Ly, (2) VP10, 2)

=[[1I¢Gz-0) 1] =@-2),

i=1j=1 1<i<j<m

depend only on F() i.e. on the S-matrix (see below),
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The general formula

Fc(?l...a,,(elv s 79n) = Kc(?l...a,,(g) H F(QU)

"Nested off-shell Bethe Ansatz”

K. on(0) = / dzy - - / dzm (0, 2) p° (0. 2) Lp,...5, (2) VL 2m(0, 2)
Co Co

h(QaZ):HH¢(ZJ_9i) H T(Z,'—Z_,'),

i=1j=1 1<i<j<m

depend only on F() i.e. on the S-matrix (see below),

+z;

p®(8, z) = polynomial of e*Z depends on the operator.
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Equation for ¢(z)

bound state (1,...,1) — (N —1) =1 = anti-particle of 1

N——
N—-1
and the form factor recursion relations (iii) + (iv) =
N—2 N—1 o
0 + ki F (0 + kin) =1 =
kl_[OQS(er)kl_[O (0 +kin) =1, n="y

Solution:
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“Bethe ansatz” state

B NN Zm 1 2<pBi<N
Va(8,2) = k : 1<ai <N
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Wightman functions

The two-point function
w(x) = (0]O(x) 0'(0)|0)

Summation over all intermediate states

W(X) = Z % / do, ... / d@neiix(ler”'ern)gn(Q)
n=0 "

where  g(0) = (01 O0) o) .1 | O'0)0)
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Wightman functions

The two-point function
w(x) = (0]O(x) 0'(0)|0)
Summation over all intermediate states
w(x) = z_%n! / doy ... / df,e”X(Pitten) g (9)

1
(4m)"

The Log of the two-point function

o) 1 ]
Inw(x) = Z o / do; ... / dc9ne_’X(P1+"'+Pn)hn(Q)
n=1""

where gn(0) = <0|(9(0)|p1,...,p,,>i"i”<p,,,...,pl](9'(0)|0>
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Wightman functions

The functions g, and h, are obviously related by the cummulant formula

hU--Uly=1
For example
g = h
g2 = hip+hh
g123 = hipz + hiohs + hisho + hozhy + hihohs
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Short distance behavior

The two-point Wightman function for short distances

4A

(0]O(x) O(0)]0) ~ (\/—72)_ for x — 0

with the 'dimension’

11
A—&r;n!/del.../danl hn(61, ..., 0,-10)
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Short distance behavior

The two-point Wightman function for short distances

(010()00)]0) ~ (V=) forx 0

with the 'dimension’

11
A—&r;n!/del.../denl hn(61, ..., 0,-10)

Example: The sinh-Gordon model [y + %sinh Bp=0

Operator:  O(x) =:exp By :(x)
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Short distance behavior

sinh-Gordon
1- and 14-2-particle intermediate state contributions

0.4k P -4
03l 1
0.2 =
0.1 -

| | | | | | | | |
0 0 1 B 2

232 1-particle ==«==
4m+2 1+2-particle

where B =
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