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1. Review: Hermitian 1-matrix models at finite NV

Partition function:

Z,(V) = / dM e~ NoVM)
Hn

The potential V' usually a real polynomial

e.g. Gaussian Unitary Ensemble (GUE)

V(H) = aH?



Projection: Diagonalize
H = Udiag(z,. ..a:N)UT

and integrate over U(N) ( Weyl integration formula)
N
AN oc/dxl .. ./d:UNAZ(:L'l, . ,ng)e_NZizl Vi(z;)

A(xy,...xN) = H(asz — ;) (Vandermonde determinant)
1<J

Joint probability density for eigenvalues
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Orthogonal polynomials (Heine integral formula)
pn(x) = (det(:cI — M))

_ ZN dSL’l /de H %'—iEZ A2( ) —NZ V(CUJ)

/pn(x)pm(x)e_NV(x)d:c = hpOnm



All the statistical properties of the spectrum are expressible

in terms of these orthogonal polynomials.

Partition function:

The k—point correlation function:

P]iv(il/'l, . ,ZEk) = detKN(a:Z-, xj)hgi,jék
where
n—1 1
Kn(z,y) = Z ipj(x)pj(y)e_?(v(chV(y))
j=0 "7

is the Christoffel-Darboux kernel.

The 1-point function (density of eigenvalues):
pn(z) = P () = Kn(z,)
The Gap probability:

Ej; =det(I— KN oxJs), J=Uplask—1,02k]



Finite N Spectral Curve

The recursion and diffferential (Freund) relations for OP’s

(ﬂ%) N (CLN 93+5N) (pN ( )
i (i) =2 (7t
(D(z) = 2 x 2 matrix valued polynomial of deg = d)

determine the characteristic equation
det(yI — Dy(z)) = 0.

This defines the finite N spectral curve (hyperelliptic),

which determines the moments of the eigenvalues density

. . - OlnZ
 Powtarte = e otde = -3 S



N—oo (scaled) continuum limit

im pn(2) = peq(x)

N—oo

For GUE: “Wigner semi-circle law:

x V N2 — g2

30 T

20 =




In general: minimize the Free energy:

1
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The equilibrium density p., in general is obtained from the

variational equation 6 Fy = 0

277/ Peq(®)dz =V'(x)

x —
and is supported on a finite union of intervals I = U*_, I,.

It is related to the resolvent by

1 1 e
w(z) ::ani_)rrgo<trM_Z>:/Idasic(fi) , 2€ C\ 1.

Asymptotic spectral curve:

The function y = —w(x) satisfies an algebraic relation given by
y* = yV'(z) + R(x)

where R(x) is a polynomial of degree less than V’/(x) , and the

moments of p., are given by:

Moments and spectral residue formulae:

=00

/da:xjpeq(x) = — res 2 w(2)dz = jo;,Fo
I



Universality: k-point correlation function (“bulk” region)

Pr(x1,...,78) o< detKg (4, 75)1<i,j,<k

K(an,a;) = sin(m(x; — x;))

P (sine kernel)

Proved via ”Riemann-Hilbert” method:
1) Scaled large N asymptotics of OP’s
2) “Nonlinear WKB method”

Pair correlation function (level repulsion)
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Bulk Spacing distributions (Jimbo-Miwa Py ):
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Edge Spacing distributions (Tracy-Widom Pyp):
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2. 2-matrix models

Partition function:

Zy(Vi, V2) Z//du(Ml,MQ)
N N
. /deidyiA(fb)A(y)e_Nza‘1(V1($j)+v2(yj)—$jyj)
i=1

d,LL = exp tr (—Vl(Ml) — V2(M2) -+ MlMg)dMldMQ
di+1 da+1

Vi) =30 et =3 g
Relation to bi-orthogonal polynomials:
)=a" +- on(y) =y" +- n=20,1,...
//dx dy 70, ()0 (y)e~ V1@ VaW)¥ay —py 5
N-1
Zy =N!]] hy
§=0

Fredholm Kernels:
N—

H

K12 T y ) —Vi(z)—Va(y)
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N ’
Kll(ajax,) — dy {g(xay)exy

/

N ; N "
K22y, y) =/dfv {g(w,y)e Y
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Ko (y',2") Z//dxdme(w,y) eV ey
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Density of eigenvalues :

N KN (2, z N KN ’

Correlation functions:

N N KNqi(z,z)  KVi(z,2)
pll(xaaj ) = ﬁdet (KNM(ZC/,ZC) KNH(:E/,:E/)

N 1 KNq11(z, x) KNq12(z,y) )
Pi2(z,y) = —det R ’
2(t4) = 3 (KNm(y,w) —e™ (KN (y,y)
Gap probablilities (spacing distributions):

N1 N
pJ —=det | I— K11 SXJ |, (Matrix Ml)

N2 N
pJ —det [ I — K22 O X"j’ ) (Matrix Mg)

N
E, 5= det <I — K o diag(x, Xj)) ,  (Matrix M;)

N ~ N ~ N
K( K, K12>

where

~ N ~ ~ N
K21_E K22

B(f)(z) = / eV § (y)dy

(matrix Fredholm integral operator)

and X, x 7 are the characteristic function of the sets J, J.
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Support of biorthogonality measure

[[ dsays@glye v
=D Dk / dz / dyf(w)g(y)e V11w~ Valw)tey
e T I,

where {I';},=1,. 4, {fk}kzl,_“d? are a basis of homologically

independent curves in the complex z- and y- planes.

Figure 1: Wedge and antiwedge contours
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Wave vectors

U (z) == [Yo(z), ..., Yn(2), ]t

©(y) = [G0(), s In (), -]
1 Vi (x
Yn(x) = \/Hﬂn(x)e Vi ()
oult) = =0l
Recursions relations, differential equations
r¥(@) =QU(x), yo(y) =P 2(y),
0, U(x)=~Pu(x), 9,0 =-Q &)
a(0) 7(0) 0
/ a(1) a (1) (1) \

B2(2)  B5(3) )

¥(0)  Bo(l) Bi(2) B203) ---

P = 0 v(1)  Bo(2) Bi(3) .-
0 0 7(2) Bo(3)
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Fourier-Laplace transforms along wedge contours fj
@)= [ omt)eay

Generalized Christoffel-Darboux identity:

N-—-1 d2 d2
(2 — ) Z 55}73(5’3) ZZ¢N 1 1alT Aab¢N dotb(2),
m=0

a=0 b=0

N
Christoffel-Darboux matrix A

[0 0 0 - (V-1)\
ag(N)  ag—(N) - a1 (N) 0
N 0 ag,(N+1) - as(N+1) 0
\ 0 0 aurde) 0 )
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3. The “direct” and “dual” fundamental systems

“Second type” solutions to recursions and differential equa-

tions

W) (z) = e FdS//dZdng_z (i_gz( w)

_ 6_V2<w)+V2(S)+Z'LU :Es’ 1<k <dy

“Direct” fundamental system

(@) = (2@ vV @) v @)

N
WLy, (@)
%(k) (:I:) =
W(e)

“Dual fundamental system”

SO
513(”(33)

%@) = | N

with row vectors

M) (2) == (o) (@) - BN 140, (7))

¢(0) V1(£B) // dzdw pr— —Vl(z)—l—zw, m € N.
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Theorem 1 (Dual pairing) For N > ds, the matrices %(m) and

U(x) are bilinearly paired via the Christoffel-Darboux matriz
N

%(x)A%(az) — 1

Theorem 2. (Recursion relations and differential equations)

The pair of matrices W(x) and %(x) satisfy the recursion rela-
N

tions
N\gl(:c) %(:C)N\Iil(x) o () NH(@%(%)
where
/ 0 1 0 0 \
0 0 0
12\1](:15) = : 0
0 0 0 1
\—adQ(N) —a1(N) (x—ozo(N))
v(N) v(N) v(N)

]%(aj)xjé\l[(x) — 1

and the differential equations

S0 (@) = ~Ds(@)¥ (@)
o ~ -
—b(a) = ~(@)Ds (@),
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where

(Go(N —ds) .. Bua(N=1) 0\
Dy(a) = | TN —d) : :
N 0 o Bo(N —1) 0
\ 0 AN =) V(@)
ag,-1(N—=1) ... ag(N—-1)—x ~(IN—-1)
g, (M —1) ( : : )
0 0
VoVi(@)N—d,n—1 - VoVi(T)N—dy,N+do—1 N
_ A
VoVi(@)nn-1 ... VoW (Z)NNtdo—1
Vi(x) 0 0
0 oL =1)  Bo(L)
0 ... 0 ~(N-1)
(D) 0 ag(N) —x
Qd, (L + 1) 0o .
0 ... 0 ag_i(L)
N VoVi(@)N—d,n-1 - VVi(T)N—dyN+do—1
—A : :
VoVi(@)nn-1 . VoW (@)NNtd—1

VQVI/(x)mn ‘= // dzdw Vl/(Z) - ‘/1/(1‘) wm(z)qbn(w)ezw



Theorem 3. (Riemann-Hilbert characterization)

3.1 (Jump discontinuities) The limits U, %i when approaching
N
the contours I'; from the left (+) and right(—) are related by the

following jump discontinuity conditions
Uy (z) =¥ (x)HY
N N

= mG)E
¢y(r) =HYO_(2)

where .
HY =1 — 2riegk”

A — (HD)™ = 1+ 2miegr”

1 0

0 Kj1
€p \— K =

0 Kjd,

3.2 (Large argument asymptotics) The asymptotic form Of%(ilf)

and U(x) as x—00 in any given Stokes sector S;, is given by
N

®(z) ~ K;e" DYy (9)QqC Hy
N N

U(z)~ A Hy'q “Q 'Vyi'(g)e TK;!
N N
where
1



where

T(q) := diag(Vi(x) — nlnz, Sp(q) + nlng, ... Sq,—1(q) + nlng)

1 1
HN = dlag \/hN_l,—,...
( Vhn \/ hN—l—d21>

Se(q) == xye — Val(y;) — %ln (Vi(;ﬂ))

The saddle points {ys}i—1...4, satisfy

1 0
= 0
2={0 o

(Qo)jk - u,(j—l)(k:JrJ\f—l), 1 <j,k<ds.
N
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“Dual” Spectral curve. (Characteristic polynomial:
ds + 1-fold branched covering of x-Riemann sphere or dy + 1-fold

branched covering of y-Riemann sphere )
B(z,y) = det(yl — Dy (x)) = —(Vi(2) =) (12 (y) —2) — 1
(o (B V00 Vi) i)

I — M1 yI — M2
Theorem 4 (Residue formule)

Oln(Z

—n( N) = res x “ydx
Oug r=00
]

—8 n(Zn) — res y_bxdy
c%b Yy=0o0

Large N asymptotics

Apply the Riemann-Hilbert method, based upon the g-function

g = (90(2), 91(2), - - - ga, (7))

pj(z)
gi(x) = / ydx
bo

18 evaluated on the equilibrium curve, determined by the vari-

where

ational equations

0Fo
86@

€ = % ydx, “filling fractions”
A

J

=0, +=1,...genus
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