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1. Motivation

e Semiclassical analysis of strings in AdS x S
space-time is relevant for large X = ¢, N (strong
coupling) investigation of AdS/CFT;

e Computing gluon scattering amplitudes can be
reduced to finding the minimal area of a classical
string solution;

 Giant magnon solutionson R x 5? and R x S§* can
be mapped to soliton solutions in sine-Gordon
and complex sine-Gordon respectively.



GKP solution

Gubser, Klebanov and Polyakov [1] gave a first study of large (spin) angular
momentum solutions in conformal gauge.

AdS, coordinates : X' = (¢, p. )
metric:  ds® = — cosh” pdt? + dp* + sinh” pd#*
VA
A
Ty =0, X'0,X'Gi; =0

T =0 X'0.X'Gy=0

action: A / drdoGij0a X" 0% X7

Virasoro constraints :

Ansatz : t = c¢71
0 = cwrT

where c is a constant to rescale the period of o.

rigid rotation

[1] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, A semi-classical limit of the gauge/string correspondence, hep-th/0204051.

Assumption : p = p (g‘)
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Folded rotating string

Solution : ‘ pﬂ(o‘) = CQ(COSh? P w? Sinhg P) ‘

1
—> p(o) = arccosh(nd(wo, —))

W

(a) w>1 (b) w=1
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Energy calculation

Yo e 5, 2VAT w 1
E = 2 ), do cosh” p = - |:w2 — 1E(:)]
2L 42
S = ‘Q/E o wsinh? p = Q‘f‘[w;_ 1E(é) —K(é)].

where E(1) and K(2) are elliptic functions. Therefore,

2V A gLy~ gLy

T W w

E—wS =

In the large S (spin angular momentum) limit, we have w=1+2n, where n<<1.

1 1 1 1.1
E(—)~14+nln—. K(—)~ =In—
()Tt K~ g
Al 1
D S—
1 1
Szi(__m_+...)
2m 1 1
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Kruczenski’s solution

Kruczenski [2] gave the spiky string solutions in physical gauge:

= T
Ansatz : |
0 = wTt+o
rigid rotation: p = p (0)

VA

Nambu-Goto action: A = ——— /drda\/(i’X’)Q — X2X"2 \

Spiky solution:

(o) = 1 sinh2p \/ sinh” 2p — sinh” 2p0 &
2sinh 2p \/cosh? p — w? sinh? p
where p, is the minimum value of p; the maximum value is arccoth w=p;.

[2] M. Kruczenski, Spiky strings and single trace operators in gauge theories, hep-th/0410226.
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Spiky strings in AdS

P1

2
n=3 spiky configuration
Soikes: 0. — 2mm
N pikes: m =

August 2008 Solitons and AdS string solutions



Energy calculation

o \/X? / o dp cosh” psinh® 2p — w? sinh® psinh® 2py
™ po sinh 2,0\/ cosh” p — w2 sinh” p)(sinh” 2p — sinh® 2p0)
g — \/X% 1 dp w sinh p v/sinh? 2p — sinh? 2p
2 cosh p v/cosh? p — w2 sinh? p
2 v/ cosh® p — w? sinh”
F_us — \/— n d,o sinh 2 v/ cosh? p sinh” p

\/sinh’ 2p — sinh? 2y

In the limit p; > 1 and p; > po, we have w = coth p; — 1

Large S energy of n-spike solution:

n=2 agrees with the GKP solution: E-S=

August 2008 Solitons and AdS string solutions 9



Spiky strings in AdS

24
\ j/
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O The main interest is to study the dynamics of spikes

O For this purpose, it is convenient to introduce the soliton picture
0 We will show next the soliton picture of the GKP solution

O The same argument works for the Kruczenski n-spike solution



2. Spikes as sinh-Gordon solitons

Asymptotics near the turning point: GKP solution

;3"2 = cosh?p —w?sinh®p ~ __1—{‘!2‘9(1 —w? + (1 + w?)2e~27)

let w =1+ 27] where 11 < 1 , then one gets
2 ‘ _
pie~ e (e =)

Denote 74 — € F , we have

/2 2
wo o~ uT—n

—> p(o) = —In/fcosh(oc — o)
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Near-spike approximation

|

Exact solution: (o) = arccosh(nd (ng _))
p (o) W
A Approximation:  p(¢) = —In /1 cosh(o — a9)
|
I \\
|
! AN
| A
\,
| A
! , : ,
: \ </ approximation
: exact \
| AN
| W,
A —> g
O
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Relation to Sinh-Gordon soliton

One observes the correspondence with the sinh-Gordon soliton.
Define: « = 1In(qe - qy)

where g being a AdS; string solution with signature: {-1, -1, +1, +1}.

One can check, that for the near turning point GKP solution,
2 2 .
o =1In(2p"") =In(2tanh” o) = In2 + @
satisfies the sinh-Gordon equation:

Qe —4sinha =0

Therefore, the finite GKP solution is then a two-soliton
configuration of sinh-Gordon system !

E=(0c+71)/2
)= (0 —7)/2



3. AdS string as a o-model

We parameterize AdS, with d+1 embedding coordinates q subject to the constraint
2 2 2 2 2 2
¢ =-q - q@tateto-+tag=-1
Conformal gauge action :
VA

A= /dadr (9q - 9q+ Mo, 7)(q-q+ 1))

where Tt and o are Minkowski worldsheet coordinates.

Equations of motion : en — (Qg y qn)q =0
‘ 2

Virasoro constraints : q£ =g, = 0
E=(oc+7)/2 Oc = 0y + 0
n=(c—7)/2 O="0 -0
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Equivalence to sinh-Gordon model

Choose abasis: €; = (q, de, Qs b, ,bgat)
where j=1,2, ..., d+1 and the vectors b, with k=4,5, ..., d+1 are orthonormal
bk b1 = Opts br-q="br qe =br-q, =0
Define: o =1In(qe-q,) up=0bp -qee vi =0bp-qy

The equations of motion are :

d+1 d+1 d+1
gpy — et —e @ Z U;V; = 0 (“’i)'f? = Z -t.{j(bj) ¥ (bf_)n ('t,'l-)g = Z Uy (bj) y (bi)g
i=4 J=4,jFi j=4,jH£i
\ l
|

Generalized sinh-Gordon model [3].

d=2: Liouville equation = d=3: sinh-Gordon equation =~ d=4: B, Toda model

[3] H. J. de Vega and N. Sanchez, Exact integrability of strings in D-dimensional dS spacetime, PRD, 47, 3394 (1993).
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AdS, case in more details

Uy, =0 = u=u(f)
ve =0 =v=uv(n)
gy — ¥ —uve” ™ =0 Qg — 28inha =0

N S

d¢’ dn’ ;o 1
a _ Vu(€) o _ V=uln)  alén)=a(E ) + 5 In[—u(&)v(n)]

d€ dn 2

o

Now we express the derivatives of the basis vectors in terms of the basis itself :

de; de;
L= A (& n)e;, L= Bii(&,n)e;
€ (& ne;. an i(&m)e;
0 1 0 0 0 0 1 0
_ 10 a 0 u | e” 0 0 0
weget: A=l v o o] P=lo 0o a
0 0 —we ™™ 0 0 —wve ™ 0 0
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SO(2,2) symmetry

In order to see the explicit SO(2,2) symmetry, we choose an orthonormal basis

Je + qn L e — dn

V2ea/2’ T V2iea/2’ “4 =14

c1 =b, ey =

Then A, B matrices become

_ ] 7 _ /
0 ol 0
u —Q;"Q bll _ Ct';fg
A— 5 0 SOug Vol
T _ U ._a’/fz _ilﬂid' 0 LEJCEIQ
2 27°s V2
: _i_paf2 _ 1 a/2 :
0 5 € 736 0
— v/ 7y _ /9
() _ U e f2 U —af2 0
2 V2
U e—/2 0 —La —t_ea/2
B=|Vv2 277 V2
o EEJ_O:/IQ 2{1-? 0 _Leaxfg
V2 - ’ ?f) 1 /9 V2
0 e/ 25/ 0

August 2008 Solitons and AdS string solutions 17



4. Inverse Scattering Method

Remember the isometry :
SO(2,2) = SO(2,1) x SO(2,1)

Introduce two commuting sets of SO(2,1) generators :

[Js, Jo] = +Jp, [Ty J ] = —2Jy, [Ky,Ki]=+Ks. K K_|=—-2Ks, [J;,K;]=0,

Expand A, B matrices as
A= T:‘_Ti_(_l_)-jf - ur'i_{_)ﬁ}._ B = H-'é_H)sz - uré_(_jff.i._

with coefficients

i i . p—

?E-;]_H:} = (5{1‘5, \/5('1,!-6’ 2 + E.’Q‘I-), W(HE’_Q’EQ + E.’QJIQ) .

=

_2 2 /o ; —
— . o o P & = _JCY;Q

]

! _ ) ]
(ve™ = F EQ"“).

S
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Spinor representation

Remember SO(2,1)=SU(1,1), we can define two spinors as
D¢ = u"i,(ﬂg’i@ = A0, Oy = ur%__(ﬂaig} = Ao,

= BQT;II/'.

{4 — 1?' . ."IT — .-"1 ,-'Ig — ??: . .-'IT
Ve = wy 0V B, Uy = wy (0

1, | i, o
— (1] — Pathl) + c.c. %(({)1@; — Pty ) + c.c.
5((5}%";1 — P1g) + c.c. %(@le — O119) + c.c.
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5. Infinite string solutions

Vacuum solution:

u = 2 U= —2_. vp = In 2
Matrices :
g (—t 0 PO 0 -1 0
A= ({l i) A2 = ({l —i) By = (1 n) By = (1
Spinors :
o =e"7 do=0 1 =cosho 1= —sinho.

String solution :
cosh o cos T

coshosinT
sinh o cos T
sinhosinT

( =

[4] A. Jevicki, K. Jin, C. Kalousios and A. Volovich, Generating AdS string solutions, arXiv : 0712.1193.
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Vacuum solution

L=

0=r ‘
o

p:

W

(a) (b)

J_
@mmawir

20
47
i S 2 > 75
S f{hmmam e

A
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One-soliton solution

)
sinh-Gordon: (s = In(2tanh~ o)

e — !
Spinors : by = e (30811(5111 tanh o), @
1

g = —e "7 Sillh(i In tanh o),
.. . Lo PR B
Uy = (1 +1) cosh(§ Insinh 20) — 7 811111(5 In sinh 20),

| 1 1
Py = —(7 +1) sinh(§ Insinh 20) + 7 cosh(§ In sinh 20).

String solution :
27 cos T — sin 7(cosh 20 + 2)
B 1 27 sin T + cos 7(cosh 20 + 2)
- 22cosho —27cosT + sin T cosh 20
—27sinT — cos 7 cosh 20

(s

August 2008 Solitons and AdS string solutions 22



Energy of one-soliton solution

Pl = Iﬁ_ (14 872 + 4cosh 20 + cosh4o)sech? o P = vf’r tanh o

Py = Iéi (14 87% — 4cosh 20 + cosh4o) sech” o Py = vf’r tanh o
E = f_i doP] = Vf (ing% sinh 20—% tanh J—i—%’r'g tanh o) |E\ ~ Vf(;ez*’bg—‘
S = /_i doPy = \?/f (—%O’—i—é sinh 20+% tanh O'—}—%TQ tanh o) [* | ~ vf(;ez*’br ‘

If we neglect the T dependence since the exponential term increases much faster,

A -
A : A 87

:> E—S = / ?ﬁ cosh 20 sech? odo ~ VA In —S
—A 2?1_ 7 \/X
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One-soliton solution

August 2008 Solitons and AdS string solutions
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Other one-soliton solutions

27 cos T + sin 7 cosh 20

:> G — 1 2T sinT —.cos T cosh 20
° 92y2sinho | —27cosT —sinT(cosh20 — 2)
—278in 7 + cos 7(cosh 20 — 2)

as = In(2 coth® o)

27 cosh 7 — sinh 7 cos 20
, 1 27 sinh 7 — cosh 7(cos 20 + 2)
() a2 = ¢ =
g = 111(2 tan J) s 2v2coso | 27 cosh T — sinh 7(cos 20 + 2)
—27sinh 7 + cosh 7 cos 20

27 cosh 7 + sinh 7 cos 20
B 1 27 sinh 7 + cosh 7(cos 20 — 2)
- 22sino | —27coshT — sinh 7(cos 20 — 2)
27 sinh 7 + cosh 7 cos 20

¥ ~

=
|

o =In(2cot* o)

Singular !
August 2008 Solitons and AdS string solutions 25



Two-soliton solution

vcosh X — cosh T) 2
vecosh X + cosh T

sinh-Gordon: |, = 1112(

(Backlund transformation)

where X\ = 29 7 — _2v7 and v is the relative velocity of two solitons.
X V1—v2’ I V1—vZ’ y

(vehT'cho + chXcho — vy~ 1shXsho) cos 7+~ tshT'cho sin 7
B 1 —(vehT'cho + chXcho — v~ 1shXsheo)sin 7 + v~ tshT'che cos 7
1= oshT + veosh X | (vehTsho + chXsho — v~ tshXcho) cos T + 4~ lshTshosin 7
—(vchT'sho + chXshe — v~ tshXcho)sin 7 + +~1shT'sho cos 7

1 5 , .
E= [ doPi= {—4 Pyt sinh X — (2 — v® + 277" ) sinh(2 — 27
f 7" Sv(cosh T' + v cosh X cs (2= 07427 sinh( o
+ (2 — v? — 2y ") sinh(2 + 2v)o 4 2v cosh T'(20 + sinh 20) + 40?0 cosh X}
1 . , .
S= [ doP] = {40297 sinh X + (2= 0* + 297" sinh(2 - 29
/(U ? " Su(eosh T + v cosh X) it nh X v+ 277 sinh( 1o
+ (2 — v* — 297 1) sinh(2 4 27)o + 2v cosh T(—20 + sinh 20) — 400 cosh X}
—1 4
vy~ sinh X
E—S:fdg(@;—fpg) —g—— 1 "
cosh T' 4+ vecosh X

—1/
August 2008 Solitons and AdS string solutions where v = (1 — -1;2) /2 ¢



Two-soliton solution

v

o
@ t=0 b} €=~

igure H T 1e Minkowskian two-soliton solution with v = — alb « 1 .(31'(311 olobal time .il.
Figure 3: The Minkowskian t lit lut tl L at different global time (
75 0 _

t =0, (b) t =nx/4. The thick line denotes double-string.

Note: Solitons are localized near the center of AdS space.
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Other two-soliton solutions

9 41 vsinh X —sinh 772
Qezzs =N nL! sinh X —I—HillllT}
(vshT'cho 4 sh X cho F ’fr'_lc-.thhcr} CcoOsST + *‘;r-'_lcth-.hcr SIN T
. 1 —(wsh7'cho +=shXcho F~~ lc-.thhr:r) sinT + v~ tchT'cho cos T
sinh7T + vsinh X | (vshTsho 4+ shXsho v~ 'chXcho)cosT 4+ v tchTshosinT
—(vshT'sho 4 shXsho Ty~ 'chXcho)sinT + v~ tchT'sho cosT

Take v to be imaginary: v = 1w,

(breather solution)

wsinh X —sin 17?2
B+ :1112i111{ _ — }
wsinh X +sinl’
—(wsin T'sho F shXsho 4+, 1chXcho) cos T + 4,1 cos T'shosin T
1 (wsin T'sho F shXsho £+ chXcho)sinT + 4,1 cos T'sho cos 7
sinT + wsinh X | —(wsinT'che F shXcho 4+~ *chXsho) cosT 4+ 4,1 cos Tcho sin 7
(wsin Tcho F shXcho + 4 tchXsho) sinT + 4, cos Tcho cos 7

q =

: , A 2\—1/2
Singular! where 7, = (1 4+ w?) ,
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Properties of the soliton solutions

» Solitons (spikes) are located in the bulk of AdS
» Near the boundary the solution reduces to vacuum

» These solutions defined on an open line (w=1) are
simple but not fully satisfactory :

1) Energy is not conserved because there is momentum
flow at the asymptotic ends of the string
2) Stringis not closed

» To make the physical quantities conserved, and
also to clarify the =1 limit, we need to build
string solutions on a closed circle.



6. Finite (closed) string solutions

Gepy — 2y —uvsinha = 0 w=2v=—2

a1 = In[k Sllz(i. k)] q1 = Een

NI LR

Periodicity: [, — 2\/EK(k’) (0<k<1)

k=1 limit : 27 cos T — sin 7(cosh 20 + 2)
) 5 B 1 27sin T + cos 7(cosh 20 + 2)
(1 p=1 = In[tanh” o] C=) k=1 = 22 cosh o —27 cos 7 + sin 7 cosh 20
—278IinT — cos 7 cosh 20
[5] A. Jevicki and K. Jin, Solitons and AdS string solutions, [arXiv: 0804.0412 ].
30
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Second solution ?

Gy = Inlk (:112(%, k) nd“z(i

NG \/E 'ZLT)} q:

coshocosT

X coshosinT
a9 1—1 =0 42.k=1 = | _:

2,k=1 ':> 1 sinh o cos 1

sinh osin 7

August 2008 Solitons and AdS string solutions
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Relation of two solutions: o transiation

i ITWWQ§y7}TWW1

RES Nan

(a) (b)

%

Fig. 1. (a) First periodic sinh-Gordon solution &1 when & = 0.964; (b) Second periodic sinh-
Gordon solution as when k = 0.964. They are related by a translation of 0 — o + \/EK(k).

k) ndz(%, k)

a

\/E

2 k)] do = Infk en?(

VR
o — o+ VEK(k)
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Reduction to the GKP solution

(% k) cos V kT \
nd(-Z, k) sin vkt
kosd(—=., flr) COs i
\k %d(jI s /

Do the rescaling VT — T, Vko — o and write k = 1/w,
2 2 2 .o 1.2
—> [p"%(c) = cosh? p — w?sinh? p

This is exactly the GKP solution.
Folded rotating string along a straight line !

/\ |
Therefore, the energyreads: £ — S = VA In( S_) + .-
T V’K)\'

Solitons and AdS string solutions
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7. N-soliton (spike) construction

(a)

Fig. 2. (a) GKP two-soliton configuration plotted in the plane x = pcosf,y = psinf where p, 0
are the global coordinates; (b) A attempt to construct the GKP type three-soliton solution; (c)
Kruczenski’s three-spike string solution.
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p as a function of o

(b)

Fig. 3. (a) GKP p as a function of ¢ when k = 0.964; (b) Kruczenski p as a function of ¢ when
p1 = 2,pp = 0.2688735.
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Kruczenski’s solution in conformal gauge

= T+ f(O')_.
ansatz : g = wr+ Q(U)-.
p = plo).
The equations of motion and the Virasoro constraints can be solved by :
w sinh 2pq sinh 2pg
fo) = 5 g'(o) = o . 2
2 cosh” p 2sinh” p
() (cosh? p — w? sinh® p)(sinh? 2p — sinh® 2p)
p(o) = .

. 2
sinh” 2p
Near the spike, we have p ~ p; = arccothw, further assume p; > py,

PIQ(U) = cosh” P — w? sinh” 2 (GKP solution)

Therefore, the n-spike configuration is a n-soliton
solution in sinh-Gordon picture.
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Exact solution

1

= 53rCCOSh (cosh 2p1en?(u, k) + cosh 2pgsn®(u, k))

0. = cosh 2p; + cosh 2pg = cosh 2p; — cosh 2pg
C . | — " [pem——— Y
cosh2p; — 1 | cosh 2p; + cosh 2pg

The gauge transformation functions are :

B v/ 2wsinh 2pg sinh py [ (cosh 2p1 — cosh 2pg . L*)

(cosh 2p1 + 1)\/cosh 2p1 + cosh 2pq cosh2py +1

V2 sinh 2pp sinh py " (cosh 2p1 — cosh 2pg L)
LR

g= ‘
(cosh 2p1 — 1)\/cosh 2p; + cosh 2pg cosh2p; — 1

where: & = am(u, k)
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Exact ene

rgy

(r \/X

—

™ ch2p; + ch2pg

ch2p; —1 [%(ch?pl + ch2pg)E(k) — Sh?.OUK('l”')] )

g nwvV A \/

ch2p; — 1 [1

T2 e 3 (21 + ch2p E(E) - ch? pUK(k)]

ChQ_,Ol —1

e nﬁ\/cthl + ch2pp [K(k) B E(k)]-
i

In the limit of w — 1 and assume p; > pp, we find

August 2008

A
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Sinh-Gordon picture

X cosh 2p; — cosh 2pg po=0 . o
o= lnl : ‘)/ : 2'( sn? (u. h)} &y = Inlk 8112(—*_ k)]
\/ sinh® 2p; — sinh” 2pg \/E
— \\\ N / T \\ Ve o \\\ e - - ‘\\.ll -5 // TN | / T ‘“w\\ 5 ff/,,- =
III lll —[||2 _—||I I|| II| {’_} 0= 0 |II lll _I? :_||| ||I ||I
| | :|'I | | | | | ! | |||
L |
| el N | Bli N
|| i | N 'l |
| I I I I |
I -4} I I _l |

There is a tiny shift along y axis and a tiny expansion of the period.

Similarly, there is a o shifted solution reducingto a9 the limit of po =0

In this sense, we say Kruczenski’s solution is a generalization of the GKP
solution by lifting the minimum value of p.
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8. Conclusion and Outlook

v" Inverse scattering method is useful for finding the classical
string solutions in AdS;

v’ Spikes in AdS are related to solitons in sinh-Gordon theory;

\/ Tha GKD cnli | iNN IcC A 'I-\Aln_cn!ii-nn C f

- ur Atinn wit |
11 O\ SOIULIOiN 1S a tWwWO-3501i1L011 aii Oii

Uil vvilll

C)

Nnc
1o

OD

localized at the boundary of AdS;

v" We constructed new string solutions with spikes in the bulk of
AdS corresponding to sinh-Gordon vacuum, one-soliton, two-
soliton, and breathers (some are singular);

v N-spike solution (Kruczenski’s solution) can be constructed
from the GKP solution by lifting the minimum value of p;

v’ It is interesting to study the dynamics of the spikes.



