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Outline

M (0 tl 747 | t' (0)4] (infinite propagation speed with the diffusion/heat equation)

Summary
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Ovrdinavry diffusion/heat
conduction equation

A U (x, 1)
q=—kVU(zt), Vq= _T U(x,t) temperature distribution
Fourier law + conservation law

(@, t) — kttge(2,1) =0 —0<ax <00, 0<i<0

u(z.t =0) = o(z) parabolic PDA, no time-reversal sym.

strong maximum principle ~ solution is smeared out in time

1 )l

: Oz, t) = / ——exp (— )

the fundamental solution: ST Vamkt T\ 4kt
general solution is:

u(z, t) = / Oz —y,t)g(y)dy W u(z,0)=glz) for—o0<r <00 and 0<t<

kernel is non compact = inf. prop. speed
Problem from a long time &

gl 4% — g _-,' \
But have self-similar solution © |l t= f (/1)
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Important kind of PDA
solutions

- Travelling waves: arbitrary wave fronts
u(x,t) ~
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Cattaneo heat conduction
equ.

Cattaneo heat conduction law,
hew term i

Energy conservation law

T(x,t) temperature distribution
q heat flux
k effective heat conductivity
FTxt) 1aT(nt) ., heat capacity
prophsea b CARIEUN g relaxation time
Telegraph equation(exists in Edyn,,
Hydrodyn.)

/I /17 is the sound of the transmitted heat wave
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eneral properties o
the telegraph egq.
solution

o) TELEGRAPH decaying travelling waves

Tiz.t) oce™™f(x — ot)

e / \
Ve a=s _,f

Bessel function

Problem:

1)

— ' —c p I
Iir.t)=t f'ﬁ'i',""i‘=§

2) oscillations, T<0 ?
maybe not the best eq.

chaviora in wavenumbesr opmaces
r)] Telegragh eguaticon
o) Wave eguation
e} Diffusion eguation
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Our alternatives

Way 1
Def. new kind of Cattaneo law (with physical background)

new telegraph-type equation
with self-similar and compact solutions ©

Way 2
instead of a 29 order parabolic(?) PDA
use a first order hyperbolic PDA system with 2 Egs.

non-continuous solutions and also self-similar
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General derivation for
heat conduction law

Cattaneo heat conduction law,
there is a general way to derive

o . T(x,t) temperature distribution

YNGR SR heat flux

———ds Joseph D D and Preziosi L 1989 Rev. Mod. Phys. 61 41
Joseph D D and Preziosi L 1990 Rev. Mod. Phys. 62 375

kt! the kernel can have

Nt — )= ———— . - . i
el ) (t —1t' + »:::__;:_)*r MICroscopic mterpretatlon
telegraph-type

ed. with self sim. solution

= —— T = ) with

— + —
at? t ot 0.x?

T (x,t) adT(x,t) 9*T(x,t)
€E——————— -
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Solutions

There are differential egs. for

physically relevant solution, compact support
with vanishing derivatives at the boarders

Not so nice ®
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Solutions

ifa=de, f'ing)=0 Tiz,t) ~ Uz — ct)U(x + cf)
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Solutions

; W h Ey g T E_ - . F A L
f[_?‘l.l_,l = E,_r:";’;l‘j —1)= 1 [ 11 l nu,rnm.rrlﬁ.r,r — 1] 1-{_—*;3{;!?1 Wi E'?;r'-: — 1_} |l 7e 1

nF(1/2,a/2/e:3/2; en?) + 3]

=alat+1l)--latn—1) n=1 213, ..
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Solutions

negative integer a/2e values. positive integer a/2e values. positive half-integer a ff-_)-f. values.

not-so-nice solutions, non-compact no-finite derivatives
just have arich mathematical structure
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Self-similar, non-continous
shock-wave behaviour for

heat-propagation

dq(r.t) g wIT(rt)
1:_}1- T T ‘-'_—} I

N general Cattaneo heat conduction law,
dglr,t)  qglr,t) . . . .
el + Cylindrically symmetric conservation law

m heat conduction coefficient temperature dependent (e.g.

"= plasmas)

using the first oder PDA system (not second order)
looking for self-similar solutions in the form

T(r,t)=t7f (), “og (L Parameters are fixed,
eenseesaasesensm coupled sytem of ODE
ogln) + g (1) I~ magn) + " (n)f(n) .
colaf() + Bnf' (] = o'(n) +g(m)/n but Eg. 2. can be integrated
only one ODE
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Properties of the model

originaly there are 5 independent parameters, exponents EEE
only one remained independent , we fixed omega

T[T:I‘._ “ ok f_&f (#) - t-*'_‘gt f ( Ir:

.fﬂ':'*'_”,

% 2y SRR i r
k= ko T(x,1)" = kot=T f* ( ) i

1
2 w—1]
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Properties of the solution

-Variable transformations, and considering the
inverse of the first derivative linear inhomogeneous ODE

general solution of the homogeneous equation times the particular solution of the
inhomogeneous one, there is only one parameter dependence
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Properties of the inverse
solution

it is not singular for
different means different kind of solutions

1/2 < w blow up solution at r = (525)~"

w # 1 fordbidden value

w = 1/2 solution: y(z) =1+ ¢/z*

0 < w < 1/2 non-compact solution with a maxima, can be invert
w = 0 solution:(—4E%(1, —x) + )e ™ no positive domain
—1 < w < 0 singular in origin, have a max and can be inverted f

w < —1 two distinct solutions with a cut in between e

Please purchase 'docPrint PDF Driver' on http://www.verypdf.com/artprint/index.html to remove this message.


http://www.verypdf.com/artprint/index.html

Non-continous solutions

applying the back-transformation (inversion + square root)

0 < w < 1/2 non-compact solution with a maxima, can be inverted [0..00] principal value

—1 < w < 0 singular in origin, have a maxima and can be inverted in positive X domain IEA Rt N e R b ¢=Ye Ll

0 solution

we may define zero solutions outside this eta domain
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Summary and Outlook

we presented the problem of the heat conduction eq.
defined two possible way-outs

As a new feature we presented a new telegraph-type
equation with self-similar solutions
It has both and properties

As a second point we use a hyperbolic system to
investigate heat conduction, can have non-continuous

solutions
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