Self-Similar Solution of the
three dimensional Navier-

Stokes Equation

Imre Ferenc Barna

g

Please purchase 'docPrint PDF Driver' on http://www.verypdf.com/artprint/index.html to remove this message.



http://www.verypdf.com/artprint/index.html

Outline

Summal’y & OUtI O O k additional new systems to study
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The basic idea

Initially: a (nonlinear) Partial Differential
Equation (system)

Ansatz combination from x,t to a new variable

eta(x,t)

Result: a (nonlinear) Ordinary Differential

Equation (system)

+ with some tricks analytic solutions can be
found which depend on some free physical
parameter(s)
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Physically important
solutions of PDEs

Travelling waves:
arbitrary wave fronts
u(x,t) ~ ,
Self-similar
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Physically important
solutions of PDEs Il

- blow-up solution

other forms are available tool

additive separable u(z,t) = p(t) + ¢(z)
ipli ' u(z,t) = p(t)o(z)
multiplicative separable RIS
. u(z,t) = - : — =
generalised separable eg. B ekl
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Ovrdinavry diffusion/heat
conduction equation

OU(z,t)

q=—kVU(xt), Vq=— ot U(x,t) temperature distribution

Fourier law + conservation law

u(x,t) — ktgy(2,t) =0 —oco<x<oo, 0<t<oo parabolic PDA, no time-reversal sym.
u(z,t =0) = é(x)

the fundamental solution:
general solution is:

u(z, t) = / oz —y,t)g(y)dy @ u(z,0)=glz) for—o0<z <00 and 0 <t <

kernel is non compact = inf. prop. Speed
Problem from a long time &
But have self-similar solution ©
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General derivation for heat
conduction law

Cattaneo heat conduction law,
there is a general way to derive

o . T(x,t) temperature distribution

YNGR SR heat flux

———ds Joseph D D and Preziosi L 1989 Rev. Mod. Phys. 61 41
Joseph D D and Preziosi L 1990 Rev. Mod. Phys. 62 375

kt! the kernel can have

Nt — )= ———— . - . i
el ) (t —1t' + »:::__;:_)*r MICroscopic mterpretatlon
telegraph-type

ed. with self sim. solution

= —— T = ) with

— + —
at? t ot 0.x?

T (x,t) adT(x,t) 9*T(x,t)
€E——————— -
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Solutions

ifa=de, f'ing)=0 Tiz,t) ~ Uz — ct)U(x + cf)
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The Navier-Stokes equation

3 dimensional cartesian coordinates,
i N F uler description
SN L S  Velocity field, p pressure, a external field

£ E kinematic viscosity, @
Newtonian fluid

Consider the most
viz,y, 2z, t) = ulz,y,2,t),v(z,y, 2.1),w(zy z )| 2lz.y, 21) genel’al case

- - -;_1_” - W, — '_I

wy+ wty + vty + wiy = Uy + Uy ;)

Uy + D0 W = U Upe F Uy + Vi)

| N just to write out
R R PR R O /] the coordinates
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My 3 dimensional Ansatz

- i FlEy2))
( - —a . 450 e gt =" ( SESlE ) —
u(x,t) =1t""f( x/t7) SRr ) I \- 1B

A more general function does not

work for N-S W‘.@

Geometrical meaning:

all v components with
coordinate constrain x+y+z=0
lie in a plane = equivalent

The final applied forms

‘T+y+z =
% ) . ol 2 b =1 ¢

u(z,y. z, ) =1 ( _

T -+ Y +z i

The graph of the  +y + 2z = 0 plane. )
w(x, 9, z,8) =t *h ( < ) Pl gz t) =1 (
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Just a technical detail

Just building the time and space
rivativ f
de atives o ul(z, g, 28] =& f'(hLU.Jr ) t-‘f,-'fai';.-"-:a_fj]:a‘""q(i —

f-_.-__.

wlE, 5, z:8) =1 'h(’_l_:{_'_'ﬁ), oz, 2.8) =% Jf(

I—-" b o

an d pl u g | n g b a Ck to Up + Uty + VUy + WUy, = V(Upg + Uyy + Uzz) — F

we arrive at:

—at ™ f(w) = B f(ww + 72 P f(w) f'(w) + 7T Pg(w) f/(w) +

oo . j ‘ f__#_ﬂf‘.,.u;..
T e~ Bh(w) /() = vat % () - ——,
'.!.

depend on time
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The obtained ODE system

flw)+ ¢ (w) + R (w) =0
_ lw)
P

1 [ict) 1 ! F ey 1) ( ey iy T i E;[i’-’.}
—5g(w) — swg' (W) + [f(w) + g(w) + h(w)]g (w) = vg"(w) — —

Lo o0 B g & e 5 £ s g & s
-—Hjtmj-—;?ﬁjLaﬂ-+[f{m]4—gLﬁj+—hUnhj (w) v f(w)

o

I oo & mes o 3 5 o gin o PRl 25 )

—Hh.{_u.-'_} — 3:*.-'}! (w) + [flw) + g(w) + h{w)]h (w) Jvh" (w) — + a.
¥ e If_':l

r+y+z
11/2

w(xy,zt) =412 ( ) =+t 12 f(w), v(z,y,zt)=1"2g(w),

w(z,y, z, 1) = £ V2h(w), oz, y,2,1) = £ (w),

Continuity eq. helps us to get an
additional constraint:

(L) w4+ hiwY=¢. and F"(w) L+ a"(w)+ R (w)=0 .
W) +glulthlw) =0 gnd [lw)+g W)+ h(w) c is prop. to mass flow rate
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Solutions of the ODE

-10 -1 i 1n

Fig. 3 The KummerM(—1/4,1/2, (w +c)?/6s) function Fig. 4 The KummerU(—1/4.1/2, (w + ¢)* /6r) function for
for c=1 and » = 0.1. c=1and =01

(a)y 15 the Pochhammer symbol

Kummer is spec.

(a)y=ala+1)la+2)--lat+n—1),(ap=1

az (a)gz? (@) 2" w 1 Maebz) g M(l-+ta —F_r.‘.l—b.:]'é

M{a,b,z) = 1+?+ (522! T by ['Ir'“'b':’llz5i11{7r?;juLl"|[l +a—bI(b) ° [(a)l'(2 —b) ]
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Numerical properies of the
solution

Convergence problem at evaluation of
KummerU, personal experience

Using Maple 12 with digits accuracy

Of course, this should be checked with great care
but compare with the

von Neumann Stability Analysis for numerical
schemes for N-S Eq.

An example:

for given c and nu above a defined
x value the result is not convergent
any more
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Solutions of N-S

u(zr,y,2,t)=1" ]-"-E_i"f._.u j=¢ 12 [:"1 . KummerU {_TL lﬁ I:: (E+y+ ]"Illltl:;ﬂ is ﬁ'}! _I O n Iy fo r O n e ve Ioc i ty

% ya ;_I 1

(ERDIESNET component @

o ¢ 11
) L TR S V1 o
+i [ o« Kummmer M [ 13 B

Naver-Stokes makes a getting a multi-valued surface
all v components with dynamics of this plane
coordinate constrain x+y+z=0
lie in a plane = equivalent

Fig. 5 The implicit plot of the self-similar sclution
Eq. (17). Only the Kummerll function 1= presented for
t=lici=1l,ce=0,0=0,c=1,and v ={.1.

I.LF. Barna http://arxiv.org/abs/1102.5504
Commun. Theor. Phys. 56 (2011) 745-750
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Solution for the other two velocity
components

U E.J:f .= f:} =5 l'lllllzﬂ '::_"""‘ .}

g(w)
a9

_::',3;”-"1 {‘_‘I :| —- yn"l:_uj ( _% — .;) — -+ Fll‘f”i.*-'j‘ f,r ll""i }1 .JF{M.-' :I :I = ” :

F

The general form for v:

. . " o fo) {0} 'I-'.‘-I ! fr e O |"'_I !E I,l'_.. '*'._‘I I."_' _.f. -

3 J i 1

The 15t and 219 derivatives of the Kummer
functions are needed

| have no closed formula.
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Other analytic solutions |

Without completeness, usually from Lie algebra studies
W. L. Fushehich, W. M. Shtelen and S. L. Slavutsky J. Phys. A: Math. Gen. 24 (1990) 971.

Presented 19 various solutions
one of them is:

1 ; L . \ -.| .-.r : .
the obtained ODE system 5 (f(w) +wfiw)) +hlw)f (w)

i .= , :
5(0(w) +wg (@) +hw)g' @)

:
—a{hl{w] + wh'(w)) + h(w)h (w) +T'(w) =

1
6
1
6

—
—
—

the solution:

e,

b L0 ba| G

—

BO| S0 o] Lo
B Lo b L

[ Rl

|
S
|
kS

3
- — W T O

2

w(k, g, z) = e P Kummer M(1/2 4+ p— 5,14+ 2, 2).
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Other analytic solutions Il

V. Grassi, R.A. Leo, G. Soliani and P. Tempesta, Physica 286 (2000) 79

The initial Navier-Stokes

velocity components Uj(y. z,t) and 7 is the pressure

After some transformation got a PDE: Uyt + kyyUsy + (0 — k12)Uy; — (Usyy + Upzz) = 0

applied Ansatz: Uy =Y(y)T(2)P(1).

Solutions:
where M is a Kummer function
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Other analytic solutions Il

JOURNAL OF MATHEMATICAL PHYSICS 49, 113102 (2008)

Analytical solutions to the Navier—-Stokes equations

Yuen Manwai®’

JOURNAL OF MATHEMATICAL PHYSICS 50, 083101 (2009)

Analytical solutions to the Navier-Stokes equations
with density-dependent viscosity and with pressure

Ling Hei Yeung"® and Yuen Manwai*”

N-1
pi+ up,+ pu, + pu=0,
r

(rlalt))
) :f .

' N-1
plu,+ uu,) + Kp, = U( Uy +
\ r

Various viscosity terms are investigated,
only the final ODEs were given

a(t)Vv ’

“Only” Radial solution
for 2 or 3 D
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Other Analytic solutions IV

Nonlinear Instability of the Solutions of the Navier-Stokes
Equations: Formulas for Constructing Exact Solutions
A. D. Polyanin

Institute for Problems in Mechanics, Russian Academy of Sciences, Moscow, Russia
e-mail: polyanin@ipmnet.ru
Received May 5, 2009

Investigate the Polyanin has a
whole system with book on analitic
the Ansatz: solutions of PDEs

™  (10F
h +‘1,V_ VE = .:'.H'—:‘.-‘(EF +Hf').
_ ~ 0%

craml erae
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Other Analytic solutions V

Ukrainian Mathematical Journal, Vel 49, No. 9, 1997

ON NAVIER-STOKES FIELDS WITH LINEAR VORTICITY rotii = H(OE+kK(@).

G. V. Popovich and R. O. Popovich i = Vo+ 1( HI)XE +
3

ul = {g] +B]]I| + (Bz—%ﬁ)xl,
w = (B4 5x)n + (01 -Bhx

W= MG +F) + JGf - xhusind +x,xaHcos0- 2L x,,

171 1
p= 5 3P0+ + @ 1+ iad + D)

— 2@+ 200 — )= (8] + 20180, - (6 -2(C1)) 3 - 2,

where X, A, 1, BY, B2, L1, L2, and @ are smooth functions of t such that the relations
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Other Analytic solutions VI

and

DIMENSIONAL METHODS The spherical problem, with the asimuthal
angle dependence:

10th Edition y 2

v, = —f(0), v, = —¢(8), v, = —(0), U- = =

~_F(9).
»

L. 1. Sedov The obtained ODE system

Russian Academy of Sciences
Moscow, Russia

"+ f'(cot® — @) +f>+ @> + > — 2F =0,

Translated by
A. G. Volkovets

oo — Y?cot® —f —F =0,

U4
" — o’ — @ cot @+ ' cot 6 — = 0,

sin® 6
=)

CRC Press f+ QD’ + ¢ cot 6=0.

Boca Raton Ann Arbor London Tokyo
0 Y 0 l+a+B~vy 0
F(0). = |cos= | [sin— PF cos?—
( 2 2 a, Ba v 2

The solution:

-y
2sin 6 2(A2 — 1) +Q(coszg) F(a+ 1—y,B+1—-7v,2- y,coszg)},

A+ cos 6’ (A +cos )"
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Other Analytic solutions VII

the Russians and the NASA have
probably even more...

Sometimes | find scientific reports - for flows - which were

confidental 40 years ago
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Summary

we presented the self-similar Ansatz as a tool for non-
linear PDEs with two examples for heat conduction

as a new feature we presented a 3d self-similar Ansatz
for the fully 3d N-S system with explanation and results

further work is in progress to clear out all
and give a bit more generality (ax - by + z = 0)

Numerical investigation of the surface of

I il ) it/ 1\ 1
wir, y.2.t) =1 M |" =S L [ - Foumm I'U(——M_H_F—')
WY . B J ]

i r 11 ((z+y+2)/t"V24+e)?y e 2a
_H_‘l-'-[ - Kumme rI\I( _j:ngTJ-I___?]
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Outlook |

systems to investigate/or in progress

_ _ - 1 dim compressible flow +
LSl heat conduction with various

u{.t.-!_lf+t-I,.:._i!'._Il-I_.:.._a‘.Ju.——}_H;JllFI];_I,_.E_,IJ.. Equatlon Of StateS virial

Tzt +v(z, b)Yz t)e = ATz, )2e, g oog g
' ' ' ol ast) = AT (g &) plE. L)

The same system for a spherical bubble:

Uniform homogeneous ’f i)y t_;i’__[{;1 el
Two-phase flow, | )
3 equation model P

—(pca) + —(peau) =0
ot

Os

a

pr, constant

" Ou i du )
I == U—
f ( at ' Os,
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Outlook Il

Self-similar model is used for additional systems:

non-linear Maxwell equ. to find
shock-wave/compact solutions

ldea: power-law field dependent
materials PROIEE:E e(E) = BET

first results: if q < -1

Generalized Cattaneo eq. for heat conduction
In solids
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