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e String sigma model

e Light cone gauge, quantization, symmetry algebra



AdSs x S®  max. symm. 11.B SUGRA solution (like M)
4 RR flux (sd) — NSR formalism problematic (coupling to background nonlocal)

GS formalism: any SUGRA background manifest space time SUSY
local fermionic symmetry “x -symm.”
problem: bosonic sol. — full II.B superfield not known in general

M4 “coset” GS: WZ type non linear > model on coset superspace
super Poincare naturally WZ guarantees x symmetry

PSU(2,2/4)
SO(4,1)xSO(5)

GSon AdSs xS® X model with target space

bosonic SU(2,2) x SU(4) ~ SO(4,2) x SO(6) isin PSU(2,2|4)
SO(4,1) x SO(5) local Lorentz transformations

PSU(2,2|4) by left multiplication isometry group of AdSs x S superspace



superconformal algebra psu(2, 2|4 )

superalgebra sl(4|4) =% 8 x 8 matrices M 4 x 4 blocks

M=<7:71 791> strMf =trm—trn=0 m,neven 6,nodd

M € su(2,214) if MIH+HM =0 M = (MH)* H:(%f)
4

> = ( ]102 _?12 ) meu(2,2) neul4) alsou(l)-generator I
bosonic subalgebra (BSA) su(2,2|4)is su(2,2) @ su(4) du(l)

superalgebra psu(2, 2|4) s the quotient  su(2,2(4)/u(1)

basis for BSA Dirac matrices  ~yJ +~J4t =26% §,j=1,...,5
7° = -yt =diag(1,1,-1-1) ==  (4)* = (")

m ~ su(2,2) ~ spang{3}, 39°, 2[v\, ], 2[v°, 471} ii=1,...,4

n ~su(4) ~ spang{4+", 207, ¥} i.i=1,...,5



conformal su(2, 2) introduce ~% = %[fyi,vj]

iv12 i425§~35 i4*5 together with 41,234 span ( ? . ) C su(2,2)

R su(2) 0
(%} —
v i,j=1,...4 span so0(4) ( 0 su(2) ) C su(2,2)
%75 diagonal “conformal Hamiltonian"
0O -1 0 O
important K = —~2~% = Cl) 8 8 01 ()t = K~tK—1
O 0 1 O

Z.a-grading: endow ¥ = sl(4|4) with graded Lie superalgebra structure
m

m 0 t _pt .
M = - MSt = ot fourth order automorphism

M — QM) =-KMK~! K =diag(K, K)

Q(M1Mp) = —Q2(M2)Q2(M7)
(k) — {M cg. QM) = ikM} g =40 gg) gg®? gu®3



forany M €% its projection M (k) ¢ @(k)
M) = %(M +PEQ(M) +PRQ2(M) + 23 () )

M) and M (2 even (bosonic) ML) and M (3) odd (fermionic)

m — KmtK—1 0 o > o
MO =3 ( 0 o Kt F—1 > [V, 7] = =K', v 'K
@ =1 m 4+ KmtK—1 O
T2 0 n+ KntkK1

¢(0) coincides with  s50(4,1) @ s50(5) C su(2,2) @ su(4)

¢(2)  spannedby {1234 75} € su(2,2) and {i7'} e su(4)i=1,...,5
Lie algebra generators corresponding to directions

SU(2,2) x SU(4)/SO(4,1) x SO(5) = AdSs x S°

central element I € su(2,2|4) also in M (2)



Lagrangian and symmetries

. . . . 2 .
dimensionless string tension g = % Rradius of S°  AdS/CFT g = 2—\5
o 71 world sheet coordinates cylinder —r<oc<r

gesu2,2/4) A=—gldg= A0 4 A@) 4+ A1) 1 AB) ¢ su(2,2]4)
vanishing curvature 00 Ag — 9gAa — [Aa, Ag] =0

€70 =1 ~B = paB\/=F  Weyl-invariant combination
superstring in AdSs x S°: L = —%[yo‘ﬁstr(Ag?)A%Q)) + ﬁ;eo‘ﬁstr(A((xl)A%S))]

©3 = str( AP A A A AB) — AR A AD A AD) = dstr(AD A AB)) /2

g—gh(o,7) heSO(4,1)xSO(5) A(0) gauge A 4 = 1,...3rotation
L iInvariant — depends on G/ H coset element only

global symmetries PSU(2,2/4): G: g—g  where G-g=g'h

restricted to bosonic variables usual Polyakov action in AdSg x S°



eq. of motion
0L = —str( AL NY)  AY = 9[7a5“4%2) _ %,{ eaB(Aél) _ Ag))]

O\ — [Aa, AN¥] =0 inpsu(2,2|4) 7.4 projection %(0) vanishes
GD: 9a(y*PAL) v P LAD), AN+ FreoB (1A, ATD)- (A, AF)) =
(1) yo‘ﬁ[A({f), Aéz)] - meo‘ﬁ[A((f), Ag)] =0 %) similar

Noether current J® = gA%g~!  9,J% =0 conserved charge

Q= [ dos =g [ dogly7AD 477D 5D _ 4]

i

Virasoro constraints str(A((f)Aéz)) — %vaﬁyp‘sstr(Af()z)AgQ)) =0



Kk symmetry
right local action g -exp(e(7r,0)) =¢'h € in psu(2,2/4)
SeA = —de+[A el  Za-decomposition with e = (1) + ¢(3)

Z6cL = 57aﬁstr(A(2)Aéz)) 4str([A(1) A DA A((f,—)k]e(3))

ve=P3Vs PPAs=0 Arx=-TTFA
(1) — «4((12,1/63_1)’& + /fg_l)’a.Agfz (3) — AC(XQ,_)|_"€(—3)’Q + %(_3)’a«4((x2,_)|_

K@O‘ iIndependent parameters, homogeneous of degree : = 1, 3 under <2

0L vanishes if 6y = %tr([,{g&),a’ Ail),ﬁ] 1 [ A(_3),B]>

exploited py orthogonal projectors k= =1 must hold
+



on shell rank of kK symmetry: how many fermions can be gauged away

- D
inLCG A(2) = ( mg iy?y5 > Vir constraint str(A((szgz) =0 z==+y
0 X111 H12 0 0
1) — ~: € . L) 0 0]
e(1) = 24y ( Ay 0 > g = 0 0 —sss —sems
0 O —su3 —raa

» belongs to ¥(1) — (1) depends on 8 real fermionic parameters  (¢(3) also)

[ |

generic odd element of su(2, 2|4)

e ¢ OO OO OO
e ¢ OO OO OO
O Oe e OO0OO0O
O Oe e OOOO

OCOOO|le @ OO
OCOOOle ¢ OO
O OO0 OO e o
OO OO OO e o




Classical integrability of the superstring

integrability (Lax pair); spectral parameter 2 W (o, 7, z) r comp. vector
%—gj = Lo(o,7,2)W %—\f = L;(o,7,2)W Ly Ly 7 X rmatrix

o« = (L7, Ls) zero curvature ZCC  O0qLg — 0gLla — [La, Lg] = O
ZCC invariantunder Lo — L), = hLoh™1 + 9qhh~—1

conservation laws: mondromy matrix T (z) —exp fOQW do Ls(2)
0;T(2) = [L+(0,7,2), T(2)] H™ =tr(T"(r,z2)) independent of 7
eigenvalues M(z,n) =det(T(z) —ul) =0

example: principal chiral model g = g(o,7) L = —%fyaﬁtr@agg_laﬁgg_l)
e.om.: A= %9997l AY = 171055 9aAF =0 = 0,A2
flatness: 0qAg — OgAa £ [Aa,Agl =0 + for A=Al — for A= A"
ansatz: Lo = €1 Aa + £oyap€”PA,  ZCC satisfied €2 — 65 +¢7 =0

Z
L, = AL+ — Yage P A,
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Lax pair for superstring:

Lo = EOA&O) - ElA((f) + gﬂaﬁeﬁpAgQ) + 53«4&1) + €4A&3)

project ZCCto  ¥(k)  exploit flatness of . A(k)  and string e.0.m.
900): po=1 (3-03=1 t3l4=1

21 02y
92 Sd=_x Al=x 2,=(340
1,3). fifa—fz _ ba—L103 _
gL Sgpi=s  Hpgise
consistency: k2 =1 integrability <« x symmetry! solution
1 1 1 1 1
bo=1 €=—(z2 —) €=——(z2——> b3 =2 L4 =—
0 1= 3 + ", 2 P . 3 4=

automorphism 21 Q2(La(2)) = La(iz) explicitly  KLSH(2)K™1 = —La(i2)

atz=1 L = —g_ldg
can be gaugedaway h =g changing AW s () = gA(i)g_l

1 5 1(2 1) 1
lo=0 €1 =—(22-1)2 lo=—(22—") la=2-1 fL3=-—1
0 1 222(2 ) > >i\% T2 3=z 4=
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atw =2z—1 Lg= Q?w[,a + ... Lg= 'yaﬁeﬁpa[gm — g(ag}) — ag;’))
ZCC In first order in w

aaﬁﬁ - 8ﬁ£a =0 > 8@ <€aﬁ£ﬁ) =0

JY¥ =g eaﬁ,/:ﬁ Noether current corresponding to global psu(2, 2|4) symmetry
Integrability and symmetries

reprametrization plus x symmetries — not all d.o.f of L are physical
physical subspace (Vir constraint and gauge fixed) is interesting
Vir constraint is not from ZCC

Theorem: Lax connection keeps ZCC after x symm. Iff Vir satisfied

diffeomorphism % — c®+ f%(0c) 0% = (o,7)
0L, gauge transformation with parameter fﬁLﬁ
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Coset parametrization

Sop(i,le()i’élé)(s) € SU(2,2|4) various embeddings Dby field redefinitions

most suitable for LCG g = 9596

. 1 [ ity + 2' 0 . B 0 S
t,z* cover AdSs b, y' cover S° 0<¢p<2n
fermions linearly under global bosonic symmetries g; — Gg; G~ 1 = exp GG+

also under shiftsin ¢, ¢ in LCG we need neutral ones
it’y5 O lzi’yi O
/\(t,¢)=e><p<2 - ) g(X) = expX X:(Q e
0 %¢'Y5 O %y’*y’

g=At ) a(x)e(X)  shiftst — t +a, & — ¢ -+ b identified with A(a, b)
G-g=N(a,))A(t,¢) g(x) 9(X) = At +a,é+b) g(x) g(X)

g adapted to LCG only a subgroup of bosonic symmetries realized linearly
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the centralizer of the shifts € = s0(4) ®s0(4) = su(2) ©su(2) G su(2) Gsu(2)
Geexpl® GA(t,¢) G~ = A(t,¢) both fermions and bosons

X —x =GxG* XX =GXGg™!
G = diag(g1,92,93,84) g; fourindependent SU(2)

0 Z 0 O 0 0 ©; 6

|zt 0o 0o o . 0 0 ©l e,
X = - X = }

0 0 0 3y e © 0 o0

0 0 iyt o —el e 0 o

23 — 124 —Z 12
= ( 3 - 124 —21 112 ) Y @z, — vy; block structure preserved

Z,Y,©5, ©3 bifundamental repr. of SU(2)
a=3,4forgy a=3,4forgy a=1,2forgs a=1,2forgy

Jo (7Y o, (i
Z44 _Z43 7742 _7741

dynamical variables:  the fields Z®¢ 6 y@ea = gaox  paa
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Light cone gauge and quantization
fix reparametrization invariance uniform light cone gauge LCG
string — 2D field theory on cylinder with circumference P
H = H(g,P4) string states carry P |.c. momentum
physical states: level matching pws = 0
Quantization: P, — oo decompactification limit  cylinder —  plane
g fixed (but large) pws = p/g p fixed
droping level matching —  “off shell” theory symmetries enhanced

perturbationth. in 1/¢g leading order 8 massive bosons and fermions
perturbative S-matrix symmetry algebra in LCG
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Bosonic string in uniform LCG

background with two Abelian isometries: shiftsin ¢ time ¢ angle

g Tr

§=-3 dodr v*P8uXxMagxN Gy XM = {t, ¢, 2"}

—Tr
G s Independent of ¢ and ¢ pys conjugateto XM
py = =357 = —g7%P9sXN G first order form

. 1
S = [ dodr (pMXM + %01 + 29—170002) C;  Vir constraints

shiftinvariance — twoconservedcharges FE = — [' dop; J = /', dop,
light-cone coordinates -+ and momenta p+ a arbitrary const.
r-=¢—t,zgx=(1-a)t +a¢, p-=py + pt, b =(1—a)py — ap
t=xzy —ax—, o=z + (L—-a)r—, pp=((1—-a)p— —py, pp =p4+ + ap-

P.= /(" dop_=J—FE P, = [, dopy = (1—-a)J +aFE

16



r

Ol 1
S = dodT (p Ty + pyr_ + ppxt —I— Cl —- C’2>
—r 2g~99

C1 = pyal + p_z!y + pua' Cr = Cz(wi,pi,pu,l’“) complicated
light-cone gauge: ry =7+ amo py =1
r = %P—I— zH(r) = x#(—r) cylinder's circumference 2r = P

m winding number  ¢(r) — ¢(—r) =2mm m e Z

gauged fixed action: solve C; =0 for 2z~ then Co, =0 for p_

S = [T, dodr (puz¥ — H) H = —p_(pu,zH,2'*) indep. of P,
world sheet Hamiltonian H = [ doH=F —J

physical states level-matching condition

Azx_ = (" doz’ =amH — [T dopuz’t =2mm

shifting o  symmetry pws = — /", do p,2’# conserved  world sheet mom.

zerowinding m=0 Ax_ =pws=20
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BMN limit g — o0 FPL — oo keeping g/P,4 fixed
decompactification limit P, — oo g fixed

2d massive model on a plane — d asymptotic states and S matrix
LCG >~ model solitons giant magnons

GS string in LCG

Lie-algebra valued auxiliary field =

O
L = —Stl’( A( )_|_Rg OéﬁA(l)A(?’) _I_ gz) 5 100 (7_‘_2 + 92(A§2))2)>
g7

Vir. constraints C7 = strwA§2) =0 (Cp=str (772 == gz(AgQ))2> —
x symmetry and light cone gauge fixing Lo = Lpin—H
0(z) =g4ls+9- T+ o>y, 8@)°=GCG4lg+G T+ G5,
T =diag(ls, —I4) X =diag(vg,04) 244 =diag(0g,iv)k=1...4
9_1(X)8a9(X) = Ba + Fu
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o 1
Lhin = Puip — SStr <Z+X87X)—I—Eg,ﬂrustr([z,,,zu] Br)

. g . g
— mE(Gi — G2)str (F-KFS'K) + i GG Str (TP KFSK)
H=-p-+Hwz p-=5str(rZig(@)(1+2x?)g(2))

HWZ = —R%(Gﬁ_ — G%) str (Z—I—XV 1+ XQICF(;%/C>

Lgqr g dependence exact independent of P

decompactification limit P, — oo g fixed

on cylinder highly non linear 2d model

bosonic fermionic fields periodic b.c.

action S r= [’ dodr L, dependson Py onlythrough r = P, /2
Ind.c. limit cylinder — plane periodic b.c. —  vanishing b.c.
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Interested in string states with finte H=F-J — FE,J —

P, =(1-a)]+aE non Lorentz inv. model but massive
solitons guantum integrable

particles with arbitrary mom. drop level matching

s A~
C_——\ ) —— —~

Solitonic excitations of a closed string in the decompactification limit

Giant magnon

classical solution bosonic fields only
simplest with finite energy  y; € S° 2z = y—1y2
1

1+

20



stringin R x S2 € AdSg x S°

rescale o — go
Lagrangian description

one soliton:  propagating wave

2
d552

= 2%+ (1 - 22)d¢?

S =g [ dodT (p:z2 — H(z, 2, p2))

OH
op

L — L,..g(z,2") one particle model o
H,.u= .z —L,.;, conservedw.rt. o
z vanishingb.c. 2(+c0) =2(+c0c)=0 — H,,;=0 solvefor 2/

2 1 — 22 . 2°
1—(1—a)z2) 1—02—22

OL
Tz = g

L=L(z2,2)

z = z(oc —vT) v velocity

as time

finteenergy 0<a<1, 0<|v| <1

on the solution |7;—,|

4

2 52

Fmax

z € (O,Zma,aj —\ 1 — Uz)

then E—J =g [% dJHZnggm‘m dzﬂZQg 1 — 0?2

E4
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dispersion relation  world sheet momentum
pws = — [Z% dopzz’ = 2[5 dz|p.|

since pws = 2 arccosv

(4
Pz = 5
(1_Z2) ZTQna:E_ZQ

giant magnon dispersion relation E—J=2g |sin Dus

e non relativistic e independent of gauge parameter «a
e resembles of lattice e classical — valid for large
e gets quantum corrections for finite g

g

22



Large g expansion and quantization

rescalings o —go xu — xu/\/9, Pu—Pu/VI, X X/VG
1 1 1
ng:/dUCIT (524—;544—9—2564—'“) pWS:—/da(pr;—k---) ng
g — 00 p fixed “near plane wave limit”
Lo=puxy — %str (Z_|_X>'<) — Ho» standard Poisson structure
8 massive bosons and fermions with equal masses

L4 two unpleasant properties
e terms with time derivative —  removed by field redefinition order by orderin 1 /g

e bosonicterms p?z?> — removed by canonical transformation

P,, P,, conjugateto Y@ zoo
Lo = PV + P 2% +in) ;7% + 6] 0% — Hy

standard (anti)comm. rel.  relativistic dispersion relation
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superindices M = (ala) M = (a|&) aeven aodd wp=+/1+p?
[aMM(p,7), ol @, 7)} =8} 6¥ 6(p — 1)
Q)-particle state |W) = aj]rwlMl (p1) a;rszQ (p2) - -- a;erMQ(pQ) 10)

energy Ho|W) = E|W) E=3%,wp Hp= [dp ZM,M Wp a}LWM(p)aMM(p)
world sheetmom. P =pws P|WV) =3 ,;p; level matching =0

16 one particle states (OPS) S-matrix (16 x 16)2 non diagonal
closed sectors: OPS scattering among themselves
16 OPS charged under (su(2))%

two su(2) belong to su(4) C psu(2,2|4) actona,b,a,b,... 1,2, 1,2
two su(2) belong to su(2,2) C psu(2,2|4) acton o, 3, ¢, 3,... 3,4, 3,4
T

su(2) sector: bosonic particles ayi
Q-particle state  |W,, (0)) = a];i(pl) aii(pz) e aii(pQ) [e)
maximal charge @Q/2 a’];i charge 1 underu(1l) rotatingin vy1,y> plane
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field theory operators dual to these states (with pws = 0)
P, =X(E+J) large butfinite J also large

recall J: e U(1) generating ¢ translationon S>> e all a}LwM neutral

J assigned to light cone vacuum |\U§u(2)> lightestwith  Jand @
dual to the N' = 4 SYM operators Osu(2) = tr (ZJXQ + permutations)

sl(2) sector:  bosonic particles a23
Q-particle state  |W (o)) = a;?)(pl) a;?)(pz) e agg(pQ) 10)
dualto  Ogo) = tr (DC;?ZJ + permutations) D_ cov. der.
many other closed sectors

Perturbative world sheet S-matrix

H = Hg + V interaction repr. S = .7 exp (—z’ 22, dr V(ai]tn (1), am(T)))
leading term in 1/g: S:I[—l—z%T T=—g[® drV(r)+--
factorizaton T=.91+1®.7 consistentwith S=8S®S
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factorization a;rWM(p) ~ a}tw(p) a;rw(p) a,(]; aIL bosonic a}; aL fermionic

one-particle states tensor product \a}fwM(p)) ~ \ah(p)) ® \ah(p))
two-particle states

jaf (1)l (2)) ~ (~1)N|ad, (p1)aly (92)) ® lal, (p1)al, (92))

S and S actintheusualway 16 x 16 matrices

S - lal;(p1)aly (02)) = Sy % (p1,p2)lab (p1)al (02))

explicit form of Sﬂ%(pl,pg) determined
Symmetry algebra

Noether charge (@ interms of momenta WzngﬁAéQ)
A((,l)—AS;Q’):z’g(az)ICthICg(a;)—l Fy oddcomponentof g~ 1(x)0sg(x)
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Q= [, do Ag(x)g(x) (7 — ig5e(a) KFS'Kg(x)~T) a(x) " Tg0) AT
independent of % schematic forminthe o =1/2 gauge
r 7 )
Q= | doAU(z,p,x) N1 A=e2®+>+T2%->~ 5, =diag(+x,>)
—Tr

/

LCG: x4 =7 T_ = —%(pMOCM — %Str(z—i—XX,)) +
zero mode becomes a central element in decomp. limit

rotation dilatation SUSY etc. generators Qq = str(QM) M 8 x 8 matrix
H = ——str (QX}) Py = —str(Q > ) Qm(zr4 = 7,2_) classified
klnematlcal (z_ indep.) dynamical (z— dep.) explicitly 7 indep./dep.

Hamiltonian setting ~ conservation d%/‘/‘ aQM +{H,Qm} =0
7 Indep. Qas-S commute with  H
form algebra 7 with H as central element

structure of Q@ and 7: M Interms of 2 x 2 blocks
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_~Blue

\

The distribution of the kinematical and dynamical charges in the M supermatrix. The red
(dark) and blue (light) blocks correspond to the subalgebra 7 of psu(2,2|4)

J =psu(2]2) dpsu(22) Xy X for P — oo X_ decouples

transformation properties of charges under ¢, the centrally extended su(2|2)
algebra
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time independent charges

R 0 -0 0

0O R 0 5 1
Qsym=1|09 o L % R,Resu(2,2) L,L € su(4)

o Qf o L

Hamiltonian Qp = —4Hdiag (~L I, I, -I) LCmom. Qp L= 1P, diag (I, =L I, -T)
2 x 2 blocks R,L,Q,QT  two-index entries L R*5 Qb Qzﬂ
]L:a,b — €qac LCb o .. @[-EO( — 60("}/ sz}/
bosonic Lq", Ra® SUSY Qa%, QL H, Cand Ct  centrally extended su(2[2)
(Lo’ Je] = 6200 — %&;Jc [R.2, 1] = 6200 — %5%
Lo, J9 = —520¢ + %mc R, I = —670° + %mv
{Qa% QP} = iR + 6L, + %53551&11
{Qa% Qs = eape C  {Q1%,Q}F} = ee™” C
pws = PP C = %g (et — 1)e278 CT = —%g (e= P _ 1)e2i¢
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deriving C CT “hybrid expansion” Qs = [do " **-Q(x,p, x; g)
a=1/2for Q, Q a=-1/2for QT, QT  expandonly Q

field redef. Q4% = [ do @~ x - (T1(2,p) + 1 T3(,p) + ) + OKS3)

(Q1.Q2} ~ [%5 dor eiCCrted (v (@, p) T (@,p) + O))
for o = ap = £1/2 'Y"gl)(x,p)'ng)(ac,p) ~qgx + %f(aﬁ,p) f local

since  ga’ et ~ gLetiT—inthe central charges

/oo i d iz _ iz (c0) _ iz (—o0) _  Fiz_(—00) (eiipws B 1)

—00 do
identifying z_(—c0)=¢ C CT obtained
checked O(%) vanishes consistent C CT exact
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