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Reminder

SYM operators «<— Spin chain «— Strings on AdS
anomalous dimensions «—— energies «—— energies
mixing matrix «—— Hamilton operator
Spectrum of an integrable spin chain — Bethe Ansatz
The purpose of the lecture is to give an introduction into

the Coordinate Bethe Ansatz technique that is necessary to
diagonalize the spin chains appearing in AdS/CFT.

SU(2) sector at 1-loop order

In the SU(2) sector the mixing matrix at 1-loop order is given
by the Hamiltonian of the isotropic X X X o Heisenberg chain
(Minahan, Zarembo '03)

|[dentification: T +«— 7 |l — W

States: | [[T11 ... 1) «— Tr(ZZWWW..ZW)

X L
Hamilton operator: H = ) Hj 41
=1

Nearest neighbour interaction: Hj ;41 = I; 141 — P 141



Example: Hio| T1) = Hi2| [|) =0 Hiyp| T1) =110~ 11)

The Tr is cyclic — periodic boundary condition +
translation invariance: e’ = 1.

Task: search for the eigenvalues of H : H|i)) = E|)).

Observation: H preserves the number of T and | spins separately.
nt +n) = L number of lattice sites.

Why do we need Bethe Ansatz?

If we diagonalize in the subsector where n4 = fixed, then

a matrix of size ( L ) X ( L ) must be diagonalized.
U2 U2

E.g.: L =20 n4 =10 then ( L

) ~ 200000
ng

Intelligent procedure: Coordinate Bethe Ansatz (Bethe 1931)

Consists of 4 main steps:

1.) Find a trivial eigenstate. (vacuum)
2.) Search for the 1-particle excitations
3.) Investigate the 2-particle problem and find
the 2-particle S-matrix.
4.) 2-particle S-matrix —— m-particle wavefunction.



1. step: trivial vacuum: | T ... T) = |F).
Completely ferromagnetic state: H|F) = 0.

1-particle states: [I:I,m] =0 — 1 spin turned down

0) = 5 AWIF)  oglF) =11 T

Eigenvalue equation: H|v) = F1|t)). |
2A(n) — An—1) — A(n+ 1) = E1A(n).

Solution: A(n) = etkn

Ey = 4sin* %

Energy must be real: k€ R

The wavefunction is identical for all momenta £ — k +
2l, F € Z, thus —m < k < w. This is the consequence of

the discreteness.

Periodic boundary conditions: o, =0,

An+ L) = A(n) — %L =1 is the simplest Bethe

equation.

L solution: k, = 2T€7 —

Niw

<l<%f teZ

ky

Energy: E, = 4sin” 5 Momentum: P, = ky



SYM: The condition e = 1 must be imposed, so only
the solution £ =0, k =0 is acceptable.

Eyv=0 =— 0D =0.

2-particle states

)= T A(mm)ononlF) T e L)

ni. ny.

H|y) = Ese)

Ifn1<n2—1:

2A(n1, ng) — A(n1 — 1, ’ng) — A(n1 + 1, 77,2) —+
2A(n1, 7”L2) — A(nl, N9 — 1) — A(nl, no + 1) = EQA(nl, ng)

If ny =no —1:

2A(n1,n1+1)—A(n1—1,n1+1)—A(ny, n1+2) = ExsA(nq,n1+1).
Ansatz: A(ni,ng) = ajgetimitikanz 4 g, gthanitiking

From the 1st equation: Fs = E1(k1) + E1(ko2)

From the 2nd equation: ao; = S(k1, k2)ais

et(k1+ko) _9etky 41

"scattering phase”: S(k1, ko) =



Physical picture:

k1 ko ko kq
—_— - - —_—
a12: —* ~— Saio:
n1 Mo ny n2

Scattering: particles change momenta and repulse each
other

In an other way: reshuffling the wavefunction:

V)= > A(n1,n2)051052\F>

ni,n2

A(nl, 712) — {alg@(’ng — nl) -+ a21@(n1 — nZ)}eiklnl—l—ikgng

k1 ko ko k1
—_— -~ -~ —_—
ai2. o *— Salgi
ni na na N3

Scattering: particles change place

Periodic boundary conditions:

A(0,n2) = A(L,ng) — e™ME = S(ky, k1)
fl(nl, 0) = fl(nl, L) — €ik2L = S(kl, ]CQ)
Identity: S(kl, kQ)S(kQ, kl) =1

SYM: cyclicity: e*(k1tk2) =1



Let: k1 = —ko = &k
Bethe equation: et*f = S(—k, k)

Solution: k, = 225 te{l,..,L -1}

: _ - 2 Tl
Energy: Ey = 8sin” 7.



Generalization to m-particles

) = > fl(nl,...,nm)a;l...a;m]F>
NY,y--y T

Ang,..;nm) =S ap O(np) exp <7f > kjnj)
P J=1

P is a permuatation of the elements (1,2,...m)

1, If np, <np, <..<np,

O(np) = {

The S-matrix makes a connection between amplitudes belonging
to different orders of the particles. If

0 otherwise

P = (p1,-%,7,...-Dm)

P'= (D1, Jy s D)

differ only by a transposition of 2 neighbouring elements, then:
apr = S(ki, kj)ap

Let Py = (1,2,..,m), then from the amplitude ap, all the
other amplitudes ap can be determined uniquely.



E.g. 3-particle wavefunction

A(nl, nao, ’ng) = eik1n1+z’k2n2—|—ik3n3{a123@(123) + &213@(213) -+
CL132@(132) + a2316(231) + a312@(312) -+ CL321@(321)}

a1o3 = 1 normalization
(213) =7(123) — (213)"  azs = S(k1, k2)
(132) =7 (123) — (132)” a132 = S(ko, k3)
(231) =7(123) — (213) — (231)”

as31 = S(ki1,k2)S(k1, k3)
(312) =7(123) — (132) — (312)”

asiz = S(ka, k3)S(k1, k3)
(321) =7 (123) — (213) — (231) — (321)”

az21 — S(kb kz)S(kz, ks)S(kh ]‘C3)



Bethe equations: el =TT S(k;, k)
Jj=1,5#l
Energy: E=> Fi(k))
=1
Cyclicity: [T e =1
j=1
Rapidity variables: u; = % cot% 7=1,...m
Up—% L Ul Ui—Up+1
Bethe equations: ( u f) = ] ==
Ukt j=lj#k "
Energy: E = (ii— ZZ)
gy ]21 Uk:"‘? Uk —35
Cyclicity: |1 u”% =1
j=1"k"2

Main point: the 2-particle S-matrix determines uniquely the
m-particle wavefunction.

Integrability: the m-particle wavefunction can be characterized

by m conserved momenta {k/};>,;. Not only the entire
momentum, but the 1-particle momenta are also conserved.
m-particles — m conserved quantities.



SU(N) spin chain

Fundamental representation: N spin orientations are

possible:
|O>7 ‘1>7 ey ‘N o 1>

. L
Hamilton operator: H = Z Hj,j—i—l Hij — Iz — Pij
J=1
Elementary excitations have flavour indices as well .

Observation: H does not change the number of the individual
flavours.

Coordinate Bethe Ansatz

Trivial vacuum: [Q0...0...0) = |0)

Ldb
1-particle states:
@y 3 ¥
|7 >:n:1Aa(n) ar0) 0.... g ...0)
Solution: Agy(n) = et

k
E¢(k) :4sin2§ ac{l,2,.,N—-1}
Periodic boundary condition: el =1
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2-particle states:

wavefunction: depends on the positions and flavours of the
two particles. .

H acts on the wavefunction as a linear difference operator.
2-particle wavefunction:  ¥g,4,(n1,n2) =

etkimtikana (4 (12)O(ny < o)

etfamtihana (4 (12) O(ng < na)

+  Auyay(21) O(ng < ny))
+ Ay, (21) O(n2 < nq))

Aa1a2(21) = S (kb k2) Ab1bz(12)

aiaz

S(ki,kg) isa (N —1)? x (N — 1)? matrix, because particles
can change place and quantum numbers.

In rapidity variables:

1
12 — — _ i — 1 P
§7 = S(ki ka) = o ——((u1 — ug) 2 = i Pro)

(]12)5152 — 8§01 502 (Plz)b1b2 — §b2 501

aiaz ai ~az aia2 al ~az

2-particle energy: FEo = Fq(k1) + E1(k9)
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Periodic boundary condition:

¢a1a2(07 n2) — walag(La n2) — (Gile S(kl, kg)—l) A(12) =0

Bayag(11,0) = Payag(na, L) — (S(ka, ka) — €25) A(12) = 0

A(12) is a vector, and these are eigenvalue equations.

The eigenvalues of the S-matrix determine the quantizations
of the 1-particle momenta.

M-particle wavefunction

M
wal...aM(nla anM) — Z e =1 ’ Z Aapl,...,apM(Q) @(xQ)

P Q
P and Q are permutations of (1,2,...,M)

1, ha ng, <ng,<..<ng,

(o) = {

If Q and Q' differ by the transposition of 2 neighbouring
elements:

0 otherwise

Q : N, <NQy < ... <NQ, <NQ,; <. <NQY,

12



/
Q : N, <NQy, < ... <NQ,,; <NQ, < ... <NQy,

Qe =1 Q=37 Q =P;Q
then: A(Q') = SYA(Q)
Aal...ai...aj...aM(Q/) — (SZJ)ZZZZ Aal...bi..bj...aM(Q)

Sii = §(ky, k;) = ——((u; — u;) I; — i P;;)

ui—Uj+’i

Consistency conditions:

"inversion”: SYS7t =1
"independence”: S SF = Gkl GU I |

Yang-Baxter: S7k§k§u = §iiGikGik

12
ny < no < ns S—> no < ni < nsg
\L S23 \L S13
ny < ng < no no < ng < njq
l 513 \L 523
5412

ng <ng<ng — ng<ng<ng
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Periodic boundary conditions:

Vay..any (M1, e =0, .,n0) = Yoy ay (@1, sng =L, ...ynpy)

Q1:1np < ngy, <Ny < ... <NQ,,
Q2:ng, < NQy < ... <ng,, <Ny
A(Qr) = €™ A(Q2)

A,1,2, .., 0—1,0+41,.., M) = e* el A(1,2,..0—1,0+1, ..M, ¢)
Sl£S2£mS£—1,E A(QO) _ eik‘gL SKMSE,M—l‘”SE,E—H A(QO)
Qo= (1,2,3,.., M)
e*el 7, A(Qo) = A(Qo)  L=1,...M
Zg _ gll-1glt—2 gllgtM gt M—1 gt l+1

Zo T =JnZy VUK

We have got N eigenvalue equations

14



Zy can be considered as Hamiltonians depending on M
parameters (k1, ko, ..., kps) and they act on the M-folded tensor
product of the V — 1 dimensional flavour space.

Hilbert space: N — 1 state spin chain of length M.

Coordinate Bethe ansatz:

trivial vacuum: |11...1...1) = |0)

Mdb

1-particle,2-particles, Msy-particles — N — 2 state spin chain
of length  Mo.

Coordinate Bethe ansatz:

trivial vacuum: | 22...2...2) = |0)

Modb

1-particle,2-particles, Mas-particle — N — 3 state spin chain
of length M3 etc.

until we get a 2 state spin chain which leads to scalar
quantization equations.

The procedure consists of N — 1 steps.

N — 1 steps — N — 1 types of roots

15



{ﬁzlqu—1
Up ) —
| k= 1,2,.... M,

Nested Bethe Ansatz

Ulkz"‘% L: ﬁ ulk—u1j+i M2U1k:_u2j_%
Uik — % =1 g Uk T UG 2 il Utk — U25 T+ %
k=1,... M
1:Aﬁluﬁ,k_uﬁ—l,j_% ﬁ Upfp — Ugj T+ 1
ol Up o — Up—1,j —|—% i=1 ik bk —Upy — 1

My

3
Ug kg — WUp+1,5 — 5
|| ]2 (=2,...N -2, k=1,.. M,
(]
Uk — Upg1,5 T 5

Jj=1
Mpy_1 i Mn_2 .
| H UN—1,k —UN—-2 — 3 H UN—-1k —UN—-1,57 T
— : .
_ : * UN_ —UN=-1.i4 — 1

k=1,....My_,

Demonstration: SU(N) — Apn_1 Dynkin-diagram

Q O O ................. O O
U1k UK U3 UN-2,k UN—-1,k
M My Ms; My_—o Mpyn_1

The SU(N) quantum numbers of the Bthe states can be

16



expressed by numbers of the different species of Bethe roots.

Bethe equations in terms of Lie-algebra data:

N—1 M,

Up j — %Ve H H Up j — — 2Cm
ug i+ 5V =1 1u£k_u£]+ 2Com
Copy = —2<<O;f£|ﬁ‘$>> Cartan matrix

Vp is the weight of the representation

.. U —|-V
Cyclicity: H H u“_f :
0=1 fep WekT2Ve

N—-1 My

Energy: F = Z Z + 21

1€k

17



Long range interactions and the perturbative Bethe
Ansatz technique

Example: SU(2) sector at 3-loop order:

H= EL:{ i) +g HQ()+g4H4(j)+...}

J=1

Ho(j) = L j+1 — Pj 1

. 1
Hy(j) = —QIj,j+1+3Pj,j+1—§(Pj,j+1 Pjy1jyot+Piy1 42 Pjjy1)

. 15 1
Hy(j) = 7Ij,j+1 — 13 P j41 + 5

+ 3 (Pj,j+1 Pj—|—1,j—|—2 T Pj+1,j+2 )
1

— i(Pj,j+1Pj+1,j+2Pj+2,j+3 + Pji2,j+3Pj11,542F;511)

Pji+1Pj+2,5+3

The model is perturbatively integrable up to order of g*
there exist charges @, n = 1,.., L which satisfy:

[Qnan] — [Qnaﬁ] = 0(96) Yn,m

18



Coordinate Bethe Ansatz

Trivial vacuum: | T ... T) = |0)

1-particle states: [¢0) = > e*"a|0)

n

Energy: Fi(k) = 4sin?& — 8¢2 sin* & = +32¢° sin® £ 5+ .

"Physicist’s intuition”: Ey(k) =~ % (1/1 + 8¢2sin® % — 1
g 2

2-particle states: usual Bethe Ansatz does not work

New Ansatz — perturbative Bethe Ansatz (Staudacher '04)

V)= 2. Alni,nz) o, 0,,0)

ni1<ng

A(ni,n2) = (1 + B(nga — n1, k1, ke, )) etkinitikany |
(1+ C(ng — n1, ki, ko, g)) Sk, ko) eF2ritikinz

B(n2 —nl,kl,kz,g) — BQ(nZ _n17k17k2)92|n2_n1| _|_

+  Ba(ng —ny, k1, k2)92+2|n2_”1| + ...
C(nQ — N, k17 kQ, g) = CQ(TLQ —nq, kl) k2)g2|n2_n1| +

+  Cy(na — ny, ki, k2)92+2|n2_n1| + ...

Everything is calculated only up to g* order.

19



If |ny —nq| > 3 = range of the interaction, then

A(nl n2) ~ eik1n1—|—7lk2n2 T S(kl k2) eik2n1+ik1n2
’ Y

The S-matrix gets O(g?) corrections.

m-particle states:

, m
Asymptotic Bethe equations: el = ]  S(kg, k;)
g=1,77#4

Validity: L > range of the interaction=order of perturbation
theory

Energy: F = ) El(kj)
j=1

Momentum: P = > k;
j=1

Rapidity: u = %COt % \/1 + 8 g2 sin2§

i x(u+1i/2)

1 S
‘ - 2(u—i/2) :C(u)_Q <1+ L u2>

(o) = I

j=1,j7#¢

20



SU(N) spin chain with long range interactions

o=y {Hoo41+ 9* Hooq1,042 + 9* Hoor1,042043 + - .- }

¢
Assume: 3 [Qn, Qm] = [Qn,f[] =0, n,m € {1,2,.., L}
Due to long range interactions:

E_ x(uti/2)

1.) dispersion relation changes (rapidity map): e** = O]

2.) The S-matrix can be modified by a scalar factor:

S(uy, ug) — €21001:42) Gy )

(9(11,1, ’LL2> — —(9(?1,2, ul)

Bethe equations:

. L M ;
[x(ulk + 2/2)] _ H (Ulk — Uiy +1 62’i9(ulk,U1j)> %
z(urg —i/2) g \Uik = U1 =

Mo .

H U1k _UQJ' —2/2

- ulk—uz? ’L/2

Other egs. agree with those of the previous case..
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Asymptotic Bethe equations for AdS/CFT

Bethe equations (Perturbative Nested Bethe Ansatz): (Beisert,
Staudacher '05)

_ L Ky . Ks _
44 : . Ugr — Ugg5 — 1 LL 7 o
4k j=1,j#k J j=1 "4k 37
2
K5 - ' Kl ]_ — g— K7 1 — g—
Ly — L5 2Ty, ™15 22y, T7j =1 K
ZIZ+ — s 1 g2 1 g2 — L., 134
2
Ko ) Ky 1 — g—+
1 Uif — U2k T+ Z/2 2wy Ly I 1 I7¢
- H : H 2 — 1..., 1
._1u1k—u2k—z/2 ,_11_9—_
J= J= 2x1kx4j
Ko . Kj .
1 = H U2k — U25 — 1 HUQk—U3j+Z/2
Uok — Ui + 1 Uk — Uz — /2
i1 ok U2k T U2y T S Uzk — U3; /
K )
U2k — U1j + Z/2
1] . k=1,.. K,
i Uggk — ulj — 2/2
K2 K4
. Ul — Uy +1/2 T3k — Ty, L1 K
Jj=1 3k 27 j=1 3k 47
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K6 . K4 +
Usk, — Uej + /2 Lok ™ Ly
1 = ]] ,2H i k=1,.., K5
Use — Ugi — — X,
Kg . Ks )
1 H Uk — Ugj — HU6k_U5j+Z/2
AL Ugr —Ugi 1 YA ugr — Us; — 1/ 2
i1 en, WOk 6] i=q U6k j /
K1 .
Hu6k—U7j—|-Z/2 L — 1 K
. — Ly -, I)G6
Uk — U7i — 1/2
j=1 6k 77 /
2
K6 . K4 ]. - J
Uz — Ugk + /2 2w7kx2fj
1 = H : H _ k=1... K,
._1u7k—u6k—l/2 1l ——1—
.7_ ]_ 2£U7kx4j
Ky z7T.
Cyclicity: 1= J] 2
j=1 T4j

where: at(u) = 2(u+if2)  a(u) = tu (1 + \/——%2)

Dressing phase (Beisert, Eden, Staudacher '07, Dorey,

Hofmann, Maldacena '07): O(xi,22) = >, 7-s-x(z],x3)
r,s==+

T1,T9) = —1 :
XA\TL, &2 2T 11 — 21 2T X9 — 29

|z1|=1 |z2|=1

1 1
lnF<1+ig (21+——z2——))
21 29
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R R
Utk U2k U3K U4k U5k Uk UTK
K, Ky Ks Ky K;s; Kg Ky

Energy or anomalous dimension:
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