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NAMBU-GOTO STRING ACTION

closed string embedding

XA(r,0) XA(r,r) = XA(1, =)
target space metric
dX? = Gap(X)dXAdX?P

4
WS (induced) metric

ha = Gap(X)0,X*0,XP



NG string action: “area”

Sng = é dO‘/dT\/—h
EOM
P (\/ —hGABh“”E?VXB) — %\/ —hh"“’/aG—BcﬁﬂXB&,Xc

OXA

“mini”’-GR on WS: reparametrization invariance

ro1 = fi(ro)

o— o = folr,0)



conformal gauge:

1 O
h,uy — e@b 77/U/ 77,LH/ — (O _1)

4

WS “Poincaré-invariant”

0, (Gapo"XP) = 155809, xBorx©

conformal gauge constraints: hg1 =0, hgo+h11 =0

GipX2X'B = 0



LC coordinates (0+ = 0y £ O1)

04 (Gapd-XP) +0_ (Gapd  XP) = %2820, XxPo_X¢

Gidi X290, XP =0

Residual gauge invariance

T+o — fi(r £0) M = () Mo

flat space:

Gag=nap 040_-X1=0 0.X20_X4=0



POLYAKOV ACTION

Rescaling: X4 = Rz4

v _ R? 2 2 _ VA
1w = o ~ Mpranalt 9= 9ox

alternative action

Spo = %/ da/dT’yo‘BGAB(a:) 0., 85333

independent WS metric

v~/ —hh*P det(y) = —1



parametrization

00 11 01

v = e" cos ¢ v = —e "cos o v = sin ¢

4 EOM

0, (GAB’yo‘ﬁ(?ng) 270‘5 aGBC 0, xBﬁ ¢

v EOM
,Yozﬁ _ \/jhhaﬁ

Hamiltonian analysis

canonical momenta

oL
pa =258 — gGap (’YOOQZB X W01$/B)



Hamiltonian

01
H = 297 GAB PAPB — 00 PA x4 =+ 2~ 00 GaB e + Puwy, + quwqb

constraints: P, ~ Py~ 0

consistency:
IC:pr’A%O /\/lzéGABPApBJrgGABx'A:C’B%O

conformal generators Lo =K+ 1M

classical Virasoro algebra
{Li(al), Li((fz)} — 2£:|:(0-2)5/(0-1 — 0'2) — £i(0’2)5(0’1 — 0'2)

{L1(01), L(02)} =0



Fourier components

L£F) = - / doe ™ Li(o)

A

{LZ,,(,;F), LZ?(li)} = i(m —n) cE)

m+n
u ~ ¢ ~ 0 gauge fixing:
H = %GABPAPB +5GAB R
constraints : Li~0 H=L,—-L_

Hamiltonian reduction problem:
=- covariant quantization

= LC quantization



Dirac procedure

H, ¢a~0 a=1,2,... (¢a=~0)
{da, Pp} =0  first class (gauge)
gauge fixing: xo~0 a=1.2,... (Xa =~ 0)

{&a, xp} invertible matrix:  Clgp

{Xxa, xo} =0 (for simplicity)

Dirac bracket
{A, B} = {A,B} +{A, ¢a} Oy, {x0, B} = {B, ¢a} Gy, {x0, A}
{A, 0} = {A, xat =0
A={A H Y~ {A H}"
works if: {H, ¢} ~{H, x.} =0



time dependent case:
O=%+{0,H}
Time-dependent gauge fixing: { , }" still works

modified Hamiltonian: H = H*
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Uniform LC gauge

Symmetries (isometries):

L =0 < %5

OxA

Noether procedure:

6L = JP Ose,

conserved charges

O3 J% =0 Qo =0

bx?t = g &8

9 9
£+ Gap g g“ -+ Gac 85% =

JP = gy*P Gup Oy x* €8

0
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symmetry generators

J? =pa €l

Flat space

GAB = NAB L= %’Yaﬁ On 405

D-dimensional Poincaré group

S5Z

AdS5Z

AdSs; ® S5
by +bs+---+bg=1
—d*, —d3+di+---+di=—1

{:CAv Qa} — 527,4(33)

A=1,2,...

, D
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L =24 (9,b°9b" + 9o d" D5 dps)
SO(6) ® SO(4,2)
unconstrained coordinates
b1, ba, b3, by, @ bs + ibg = €'? /1 — b2 ¢ angle
di,do, ds, ds,t d_1+idy =e*/1+d?2 ¢ NOT angle!
(covering space)

Light-cone coordinates

da? = =G (€)dt* + Gp(€)dd® + Gap(€)dE™ de”
ot = Et J? — Pt

5¢=€¢ J¢—p¢
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rT_=¢—1 P— = D¢ T+ Dt

z+=(1—a)t+ao p+ = (1 —a)py — ap:

17-(01),P4(02)} = {7 4(01),p—(02)} = d(01 — 02)

uniform LC gauge: =z, =7 py =1

K=pit' +ppd + Kr(pe, &)
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Modified Hamiltonian

H*=H - P_ P_=[" dop_

H =~ 0 H*=—-P_
flat space:  E=— [ dop, P=/) dop, H*=E-P
AdS; ® S5: A = — irdapt J:f;dapcb H =A—-J
solve KC constraint: ' = —p,&'®

level-matching condition:

Ar_=x_(r)—x_(—r) = —/ dop, £ =0
Ax_ = pys WS momentum:

{Az_,§%(0)} =€ (o)  {Az_,pa(0)} = pa(o)
P,=(1—-a)J+aA =2r
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Decompactification limit
r—o0. J—00, A— o0, H*=A — J finite
level-matching relaxed

M constraint:

— (1 —a)p- — 1"+ (1 +ap_)

MT =1 Gab(g) PaPb 1+ 9 Gab(g) g/ag/b

g
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flat space: Gy = Ggp =1 Gap = Oap a=1/2

H" = —P- :%/da > [p3+92(€’“)2}

manifest symmetry: SO(D — 2)
AdSs ® S5: complicated p_, 4 + 4 £¢

manifest symmetry: SO(4) ® SO(4) = [SU(Q)]4

17



Giant Magnon on R ® So

L =24 (—0,t05t + Dom - Opn)
polar coordinates:

n' =sin @ cos ¢ n? = sin @ sin ¢ n> = cos @

Uniform LC gauge (a = 0):

H =A-J Dws = A t=r P =1

Conformal-temporal gauge:
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e time (velocities) same

o A, J, A¢ physical (gauge invariant)

o H*(pyws) dispersion relation

e At time delay (classical scattering)
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Pohlmeyer reduction

Sine-Gordon equation:

Classically only!

R ® So

0,0_a = —sina

string problem >

n—n"+xn=0

SG model
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cosa = 0,00_6 + sin® 0 0, pO_¢
Giant Magnon Ansatz:

0 =bloc—vr) ¢ =1+ f(o —vT)

1
~ cosh(yo)

cosb = tan f = %tanh(’ya)

1

1—22

SG Lorentz — invariant!

fy p—
SG-soliton solution:

tan & = e~ Y(o707)
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Magnon dispersion relation

Pws = Ap = f(OO) — f(—OO) = Qarctan% =D

parametrization:

UV = COS

NI
o

Noether current:
J, = g(nlﬁun2 — n28ﬂn1) = ¢sin? 00,0 Jo = g tanh? v(o —vT)]
dispersion relation:

H*:A—J:g/ da{l—tanhz[’ya]}:279:2gsin§:‘/7xsin§
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Semi-classical phase shift

Quantum Mechanics:

S(p1, p2) = 00 (P1,p2)

classical time delay:

v1 At1(p1,p2) =

AdS: At; = g

effortlessly!

858C (pl 7p2)

Op1

5(]?1,]92) — 2_;\556(1917]92) + O(l)
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SG-scattering (center-of-mass frame):

o __ sinh(yvT)
tan 4~ wcosh(yo)

7 — +o00 limit:

o~ ozg“) (0, T+ %) + ozg_v> (0, T+ %)

COM time delay:
AT = % Inv

WS Lorentz transformation:

At — 2Inv — 1
1 V171 N 1_7}%
v = sin P52 V1 9 = cos L2
— p1+p2 1,2 — 2

COS
2
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Large coupling result

semi-classical phase shift:

Gin2 (m—p

dsc(p1,p2) = 2 (Cos B2 — cos P_21) In

note ambiguity

A 5sc(p1,p2) — P1 f(p2)

2
o2 (p1+p
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