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NAMBU-GOTO STRING ACTION

closed string embedding

XA(τ, σ) XA(τ, r) = XA(τ,−r)

target space metric

dX2 = GAB(X) dXA dXB

⇓

WS (induced) metric

hµν = GAB(X) ∂µX
A ∂νX

B
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NG string action: “area”

SNG = 1
α′

∫ r

−r
dσ

∫
dτ
√
−h

EOM

∂µ

(√
−hGABhµν∂νX

B
)

= 1
2

√
−hhµν∂GBC

∂XA ∂µX
B∂νX

C

“mini”-GR on WS: reparametrization invariance

τ → τ ′ = f1(τ, σ)

σ → σ′ = f2(τ, σ)
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conformal gauge:

hµν = eψ ηµν ηµν =
(

1 0
0 −1

)

⇓

WS “Poincaré-invariant”

∂µ
(
GAB∂µXB

)
= 1

2
∂GBC
∂XA ∂µX

B∂µXC

conformal gauge constraints: h01 = 0, h00 + h11 = 0

GABẊAX ′B = 0

GAB

(
ẊAẊB + X ′AX ′B

)
= 0
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LC coordinates (∂± = ∂0 ± ∂1)

∂+

(
GAB∂−XB

)
+ ∂−

(
GAB∂+XB

)
= ∂GBC

∂XA ∂+XB∂−XC

GAB∂±XA∂±XB = 0

Residual gauge invariance

τ ± σ → f±(τ ± σ) ηµν →
( )

ηµν

flat space:

GAB = ηAB ∂+∂−XA = 0 ∂+XA ∂−XA = 0
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POLYAKOV ACTION

Rescaling: XA = RxA

√
λ

4π = R2

α′ ∼ M2
PlanckR

2 g =
√
λ

2π

alternative action

SPol = g
2

∫ r

−r
dσ

∫
dτγαβGAB(x) ∂αx

A ∂βx
B

independent WS metric

γαβ ∼
√
−hhαβ det(γ) = −1
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parametrization

γ00 = eu cos φ γ11 = −e−u cos φ γ01 = sinφ

xA EOM

∂α
(
GABγαβ∂βx

B
)

= 1
2γ
αβ ∂GBC

∂xA
∂αx

B∂βx
C

γαβ EOM

γαβ =
√
−hhαβ

Hamiltonian analysis

canonical momenta

pA = ∂LPol
∂ẋA

= g GAB

(
γ00ẋB + γ01x′B

)
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Hamiltonian

H = 1
2gγ00 GAB pA pB − γ01

γ00 pA x′A + g
2γ00 GAB x′Ax′B + Puωu + Pφωφ

constraints: Pu ≈ Pφ ≈ 0

consistency:

K = pA x′A ≈ 0 M = 1
g GABpA pB + g GAB x′Ax′B ≈ 0

conformal generators L± = K ± 1
2M

classical Virasoro algebra

{L±(σ1),L±(σ2)} = 2L±(σ2)δ′(σ1 − σ2)− L′±(σ2)δ(σ1 − σ2)

{L+(σ1),L−(σ2)} = 0
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Fourier components

L(±)
m = r

π

∫ r

−r
dσe−im

σπ
r L±(σ)

{
L(±)
m ,L(±)

n

}
= i(m− n)L(±)

m+n

u ≈ φ ≈ 0 gauge fixing:

H = 1
2g GAB pApB + g

2 GAB x′Ax′B

constraints : L± ≈ 0 H = L+ − L−

Hamiltonian reduction problem:

⇒ covariant quantization

⇒ LC quantization
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Dirac procedure

H, φa ≈ 0 a = 1, 2, . . . (φ̇a ≈ 0)

{φa, φb} ≈ 0 first class (gauge)

gauge fixing: χa ≈ 0 a=1,2,. . . (χ̇a ≈ 0)

{φa, χb} invertible matrix: Cab

{χa, χb} = 0 (for simplicity)

Dirac bracket

{A,B}∗ = {A,B}+ {A, φa}C−1
ba {χb,B} − {B, φa}C−1

ba {χb,A}

{A, φa} ≈ {A, χa} ≈ 0

Ȧ = {A,H} ≈ {A,H}∗

works if: {H,φa} ≈ {H,χa} ≈ 0
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time dependent case:

Ȯ = ∂O
∂τ + {O,H}

Time-dependent gauge fixing: { , }∗ still works

modified Hamiltonian: H ⇒ H∗
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Uniform LC gauge

Symmetries (isometries): δxA = εaξ
A
a

δL = 0 ⇔ ∂GBC
∂xA

ξAa + GAB
∂ξAa
∂xC

+ GAC
∂ξAa
∂xB

= 0

Noether procedure:

δL = Jβa ∂βεa Jβa = g γαβ GAB ∂α xA ξBa

conserved charges

∂β Jβa = 0 Q̇a = 0 Qa =
∫ r

−r
dσ J0

a(τ, σ)
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symmetry generators

J0
a = pA ξAa

{
xA, Qa

}
= ξAa (x)

Flat space

GAB = ηAB L = g
2 γαβ ∂α xA∂β xA A = 1, 2, . . . , D

D-dimensional Poincaré group

AdS5 ⊗ S5

S5: b2
1 + b2

2 + · · ·+ b2
6 = 1

AdS5: −d2
−1 − d2

0 + d2
1 + · · ·+ d2

4 = −1

12



L = g
2 γαβ

(
∂α ba∂β ba + ∂α dM∂β dM

)
SO(6) ⊗ SO(4, 2)

unconstrained coordinates

b1, b2, b3, b4, φ b5 + ib6 = eiφ
√

1− b2 φ angle

d1, d2, d3, d4, t d−1 + id0 = eit
√

1 + d2 t NOT angle!

(covering space)

Light-cone coordinates

dx2 = −Gtt(ξ)dt2 + Gφφ(ξ)dφ2 + Gab(ξ)dξa dξb

δt = εt J0
t = pt

δφ = εφ J0
φ = pφ

13



x− = φ− t p− = pφ + pt

x+ = (1− a)t + aφ p+ = (1− a)pφ − apt

{x−(σ1), p+(σ2)} = {x+(σ1), p−(σ2)} = δ(σ1 − σ2)

uniform LC gauge: x+ = τ p+ = 1

K = pt t
′ + pφ φ′ +KT (pξ, ξ)

M = − 1
g Gtt

p2
t + 1

g Gφφ
p2
φ − g Gtt (t′)2 + g Gφφ (φ′)2 +MT (pξ, ξ)
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Modified Hamiltonian

H∗ = H − P− P− =
∫ r
−r dσ p−

H ≈ 0 H∗ = −P−

flat space: E = −
∫ r
−r dσ pt P =

∫ r
−r dσ pφ H∗ = E − P

AdS5 ⊗ S5: ∆ = −
∫ r
−r dσ pt J =

∫ r
−r dσ pφ H∗ = ∆− J

solve K constraint: x′− = −pa ξ′a

level-matching condition:

∆x− = x−(r)− x−(−r) = −
∫ r

−r
dσ pa ξ′a = 0

∆x− = pws WS momentum:

{∆x−, ξa(σ)} = ξ′a(σ) {∆x−, pa(σ)} = p′a(σ)

P+ = (1− a)J + a∆ = 2r
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Decompactification limit

r →∞: J →∞, ∆ →∞, H∗ = ∆− J finite

level-matching relaxed

M constraint:

− 1
g Gtt

[(1− a)p− − 1]2 + 1
g Gφφ

(1 + ap−)2

−g Gtt(ax′−)2 + g Gφφ

[
(1− a)x′−

]2 +MT = 0

MT = 1
g Gab(ξ) papb + g Gab(ξ) ξ′aξ′b

16



flat space: Gtt = Gφφ = 1 Gab = δab a = 1/2

H∗ = −P− = 1
2

∫
dσ

∑
a

[
p2
a + g2 (ξ′a)2

]
manifest symmetry: SO(D − 2)

AdS5 ⊗ S5: complicated p−, 4 + 4 ξa

manifest symmetry: SO(4)⊗ SO(4) = [SU(2)]4
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Giant Magnon on R⊗ S2

L = g
2 γαβ (−∂αt∂βt + ∂αn · ∂βn)

polar coordinates:

n1 = sin θ cos φ n2 = sin θ sinφ n3 = cos θ

Uniform LC gauge (a = 0):

H∗ = ∆− J pws = ∆φ t = τ pφ = 1

Conformal-temporal gauge:

γαβ = ηαβ t = τ pt = −g
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• time (velocities) same

• ∆, J , ∆φ physical (gauge invariant)

⇓

• H∗(pws) dispersion relation

• ∆t time delay (classical scattering)
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Pohlmeyer reduction

ṅ2 + n′2 = 1 ṅ · n′ = 0 ⇒ n̈− n′′ + λn = 0

λ = ṅ2 − n′2 = cos α

Sine-Gordon equation:

∂+∂−α = − sinα

Classically only!

R⊗ S2 string problem ⇐⇒ SG model
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cos α = ∂+θ∂−θ + sin2 θ ∂+φ∂−φ

Giant Magnon Ansatz:

θ = b(σ − vτ) φ = τ + f(σ − vτ)

cos b = 1
γ cosh(γσ) tan f = 1

γv tanh(γσ)

γ = 1√
1−v2

SG Lorentz− invariant!

SG-soliton solution:

tan α
4 = e−γ(σ−vτ)
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Magnon dispersion relation

pws = ∆φ = f(∞)− f(−∞) = 2 arctan 1
γv = p

parametrization:

v = cos p2 γ = 1

sin
p
2

Noether current:

Jµ = g(n1∂µn
2 − n2∂µn

1) = g sin2 θ∂µφ J0 = g tanh2 [γ(σ − vτ)]

dispersion relation:

H∗ = ∆− J = g

∫ ∞

−∞
dσ

{
1− tanh2 [γσ]

}
= 2g

γ = 2g sin p
2 =

√
λ
π sin p

2

22



Semi-classical phase shift

Quantum Mechanics:

S(p1, p2) = eiδ(p1,p2) δ(p1, p2) = 1
~ δsc(p1, p2) + O(1)

classical time delay:

v1 ∆t1(p1, p2) = ∂δsc(p1,p2)
∂p1

AdS: ∆t1 ⇒ δsc effortlessly!

δ(p1, p2) =
√
λ

2π δsc(p1, p2) + O(1)
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SG-scattering (center-of-mass frame):

tan α
4 = sinh(γvτ)

v cosh(γσ)

τ → ±∞ limit:

α ≈ α(v)
s

(
σ, τ ± ∆T

2

)
+ α

(−v)
s̄

(
σ, τ ± ∆T

2

)
COM time delay:

∆T = 2
vγ ln v

WS Lorentz transformation:

∆t1 = 2 ln v
v1γ1

γ1 = 1√
1−v2

1

v =
sin

p1−p2
2

cos
p1+p2

2

v1,2 = cos p1,22
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Large coupling result

semi-classical phase shift:

δsc(p1, p2) = 2
(
cos p22 − cos p12

)
ln

sin2
„
p1−p2

2

«
cos2

„
p1+p2

2

« + 2p1 sin p2
2

note ambiguity

∆ δsc(p1, p2) = p1 f(p2)
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