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Introduction

Problems in AdS/CFT correspondence

@ Dynamical spin chains: the length is changing

@ Asymptotic Bethe ansatz: works only when the spins are separated well

@ Wrapping problem: the size of spin chain J should be infinite for the infinite order
perturbations

@ Full Quantization of the string theory: only perturbatively in o’
@ Classical solitons in Finite-size system: for finite angular momentum

@ Exact S-matrix on the worldsheet
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Yang-Baxter Equation

@ Due to the infinite # of conserved charges: momenta are preserved
@ Multiparticle scatterings are factorized into products of two-body S-matrices

N
S(pr.pz.....pn) = [ | Si(pi. )

ij

@ Consistency in the order of factorization: YBE

512513523 = S23513512, S12=S®1,5:3=188S,...

1
2 2

@ YBE usually determines the matrix structure of S-matrix (ex) sine-Gordon model:
BUT NOT HERE!
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Symmetries of AAS/CFT

Full superconformal symmetry

@ S0(2,4) = SU(2,2): Lorentz L, trans. P, Dilatation D, spec. conf. K,
@ R-symmetry: SO(6) = SU(4) due to N = 4 SUSY
@ Combined: SU(2,2|4) which includes Poincare and Conformal SUSY charges:

e

>

Ferromagnetic SYM Composite operators

@ Most general composite fields: Tr[...Z...Zy1Z ... Zy2Z .. ]
o xi = ®;, waﬁ» wdﬁ’ D;l
@ Symmetries are broken to [SO(4) = SU(2) x SU(2), SU(2,2) > SU(2) x SU(2)]

SO(4) x SU(2,2) > [SU(2)a x SU(2)4] x [SU(2), x SU(2)s]
C  SU(212)aq x SU(212) 34

A\
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@ Generators:
R.” | Qo2
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Chiral sector SU(2|2)

@ Generators:
R.” | Qo2
Sp” | Lp?

@ Commutation Relations and SUSY algebra:

1 1
[La3c] = 623a-35003c.  [RF.3y]= )30~ 5503,
1
(%@} = &R +8iLe + S550H.
{Qna: Qﬁb] — far/ffab c, [QT(Y, Qzﬂ} — 6ab5(yﬁ ct

@ Central Charges: Energy: H, Momentum: C = ig(e™ — 1)

@ fundamental representation ba Va

(O.1)e@. O).

IZIE(:’;a ) a=1,2, «a=3,4. U
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Full sector SU(2|2) x SU(2|2)

Fields Contents

® = (¢a;¢é) B D;l = (¢a;¢d) 5 wuﬁ = (¢a;¢d) 5 ‘Ud[g = (lpn;(ﬁé)

@ Tensor Product:

(@) =(0.1:0.1)e(0.1:1.0)e(1.0;0.1)e (1. 0;2.0)

1~

Fields |  SU(2)s; x SU(2adssr X SU(R)sr X SU(2)adssL

4 ( 1 1 : 1 1 )
z ( 1 1 1 1 )
d; ( O 1 O 1 )
D, | ( 1 O 1 0 )
v | (O 1 1 O )
Vi | ( 1 O O 1 )
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Zamolodchikov-Faddeev algebra Approach

@ One particle state: |6/) = |pa; Yo) = A,.T|0)
@ Multi-particle state:

lei, (p1)ei, (P2) - - - €, (Pn))in = A};(pl)A;;(pz) .. .A,.Tn(pn)|0>, p1>pP2>...>pp

@ S-matrix: S - lei(p1)ej(p2))in = Sf}'(pl,pz)lel(pz)ek(m))out
® ZzF algebra: A](p1)A] (p2) = Sf(pr. p2)A] (P2)A (P1)
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SUSY on particle states
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S-Matrix

SUSY transformation on particle states

SUSY on particle states

Qulgn) = adfla)s  QulWp) = b eape®ln)
Qi%Wg) =doglga),  Qi"Iob) = C eane™lyp)

@ Non-zero elements:

Qa%lpa) =als)., Qallda) =als). Qi°Wa)=dld1). Q)"Wa)=dIp2).
Qs'la) = blda), Qa'lba) = -blp2), Qi°Ig2) =clpa), QLIg1) = —Clpa),

SUSY algebra

H=ad+bc, C=ab, C'=cd & ad-bc=1

Shortening relation

H? —4cC’ =1
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@ Unitary Representation:

. o2 p— -
a=ne*, b= -n—— e, c=-n—r, d=ne P
X

@ spectral parameters:

n=ePh \ig(x— = xt)

i +
X++i_x—_i:i & X_Eeip
x+t X~ g X~

. eiip/z
Sxt=—— |14 1+16gzsin22
4gsin & 2
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Unitary Representation

@ Unitary Representation:

. o2 p— -
a=ne*, b= -n—— e, c= N, d= ne P2g7i

@ spectral parameters:

n=ePh \ig(x— = xt)

1 1 i xt ;
Xrh = ex - ==L g X b
x+t X~ g X~
eiip/z
Sxt=—— |14 1+16gzsin22
4gsin & 2

@ Central charges:

_ 2ig 2ig | b2 P e XT
H_lJrX+ ~ = 14 16g*sin > C=ige o 1
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Non-local property

@ Gauge fix &£ = 0 for one-particle state
@ Act C on multi-particle states:

Clei, (p1)ei, (p2) .- - iy(Pn)) = ig[e'* - +P) —1]je; (p1)e, (p2) - - - €y (Pn))

n
ig[ei(p1+...+pn) —1=ig Z e2ti(eli — 1)
i=1

1
& =0, &L =—,....6= E(p1+---+pn—l)

@ This means a nontrivial braiding relation in Zamolodchikov-Faddeev algebra

CA[(p) = C(p)A] (p) + €Al (p)C
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Zamolodchikov-Faddeev algebra

Commutation Relations with SU(2|2) generators

@ From SUSY transformation:
LaPAT(p) = AT(p) L2 + AT(p)La". R.PAT(p) =AT(p) RE +AT(p) R,
Q.*AT(p) = AT(p) Q2(p) €™* + AT(p) Q.7,

QL“A’(p) = AT(p) Qa(p) e ™2 + AT(p) = Q"
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Zamolodchikov-Faddeev algebra

Commutation Relations with SU(2|2) generators

@ From SUSY transformation:
LaPAT(p) = AT(p) L2 + AT(p)La". R.PAT(p) =AT(p) RE +AT(p) R,
Q.*AT(p) = AT(p) Q2(p) €™* + AT(p) Q.7,
QI"A"(p) = A(p) Q(p) €% + A"(p) ZQL"

@ Commutativity with SU(2|2) determines the S-matrix

(0251 = [Q17.5] = [La?. 5] = [RoA.5] =0
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S-matrix elements

@ S-matrix:
S- |e,1e/-2)in = S;’(P1,P2)|elze;%)>out
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S-matrix elements

@ S-matrix:
S-lef€2)in = Si(p1. p2)lef € out
@ Matrix elements from [Lab,S] = [R(,ﬂ, S] =0

1
S - I6505) = ATI630L) + ATI6p0%) + 5 Ceane WE)

1
S - lWaup) = DTIWAYE) + D luaus) + SFe®eusldt ),
S-Igaup) = GluZen) + Hibaup),
S-lwadd) = Kiy2gp) + Ligoud)

2
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S-matrix elements

@ S-matrix:
S-lefedin = S'(p1. p2)le7 € )out

@ Matrix elements from [Lab,S] = [R(,ﬂ, S] =0

1
S - I6505) = ATI630L) + ATI6p0%) + 5 Ceane WE)

1
S Wau) = D WRUE + DTWGUG) + SFeeplolsp)
S-Igaup) = GluZen) + Hibaup),
S-lwadd) = Kiy2gp) + Ligoud)

@ Act[Q2,S] = [Q;",S] = 0 on two-particle states




S-Matrix

S-matrix elements

@ S-matrix:
S-lefedin = S'(p1. p2)le7 € )out

@ Matrix elements from [Lab,S] = [R(,ﬂ, S] =0

1
S - I6505) = ATI630L) + ATI6p0%) + 5 Ceane WE)

1
S Wau) = D WRUE + DTWGUG) + SFeeplolsp)
S-Igaup) = GluZen) + Hibaup),
S-lwadd) = Kiy2gp) + Ligoud)

@ Act[Q2,S] = [Q;",S] = 0 on two-particle states

@ Solve the coupled equations for the matrix elements: 32 equations for 10 (9)
unknowns




0
ar
0
0
azy
0
0
0
0
0
0
agi4
0
0
as
0

0
0
0
0
0
0
0
0
0
0
as
0
0
0
0
0

x
5]
=
)
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S-Matrix Structure
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S-Matrix Elements

-t — MV (= — x ) (= xt
a = X =X mne ) — O = x)0G = x5 ) (x5 +X7) mana _
x5 — X7 ffiz’ (O =X x = xxh) i’ '
_ (x;—X*)(xg—x;)(x; +%) _ % -Xm 5 -G
as = o s as—ﬁﬂ—, ae—_—+~—,
(7 = x)(x; x5 = X 2) X3 =X M X{ =Xy 112
O =)0 =X )( X)) o604 = )mne
T e T Xy 0 A
Xy X5 )itz Xx3 (=5 ) (1= X7 x3)
+_ +
X; X} —x;
8 = — i?— ai = % i
X=X M XL =%
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Charge conjugation

Torus parametrization

p =2amz, sin g =(z,k), H=adn(z,k), k=-16g>

2w1:4K(k), 2a)2:4iK(l—k)—4K(k)
xt = 1 (% ii)(l—f—dnz)

9




S-Matrix

Charge conjugation

Torus parametrization

p =2amz, sin g =(z,k), H=adn(z,k), k=-16g>

2w1 = 4K(K), 2wy = 4iK(1 - k) — 4K (k)

Xt = l(%ii)(l—f—dnz)

9

-

Charge conjugation

L

E —> —-E, p—-p; X

_ 1
= = X - —; Z-oZ+4+wz
—

xt’
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Charge conjugation

Torus parametrization

p =2amz, sin g =(z,k), H=adn(z,k), k=-16g>

2w1 = 4K(K), 2wy = 4iK(1 - k) — 4K (k)

Xt = l(%ii)(l—f—dnz)

9

- .
Charge conjugation

+ 1 1

E —> —-E, p—-p; X —>X—+, x’—>X—7; Z—>Z+wr

- -

Anti-particle operator

i 0
sj()=cni-p. c=(F o |

A\
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S-Matrix

Charge conjugation

Torus parametrization

p =2amz, sin g =(z,k), H=adn(z,k), k=-16g>

2w1 = 4K(K), 2wy = 4iK(1 - k) — 4K (k)

1/cn
Xt = —(—Z ii)(l—f—dnz)
g .
Charge conjugation
E—-E - —p; x+—>i x’—>i- z-z+w
> p p; g el 2 )

Anti-particle operator

i 0
sj()=cni-p. c=(F o |

A\

Zamolodchikov-Faddeev algebra for anti-particles

Al (p1)A (p2) = AT (p2)S), (P, p1)A (P1) + 6(p1, P2)
B (p1)A(p2) = AV (p2)S)(p2, P1)B} (p1)
. v
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Crossing relation

Component relation

SZJ(PL p2)Cix'(p1) = Ci/k(m)sﬁl,-(Pz, -p1)

Tihany 2009.8.27 im Ahn



S-Matrix

Crossing relation

Component relation

SZJ(PL p2)Cix'(p1) = Ci/k(m)sﬁl,-(Pz, -p1)

Matrix relation

Czlsll(ZLZz)Cl = 5_1(21 + w2, 22)
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S-Matrix

Crossing relation

Component relation

SZJ(PL p2)Cix'(p1) = Ci/k(m)sﬁl,-(Pz, -p1)

Matrix relation

Czlsll(ZLZz)Cl = 5_1(21 + w2, 22)

S(21,22) = ¥2(21,22)Ssu(zz) (21, 22) @ Ssu(e) (21, 22)
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S-Matrix

Crossing relation

Component relation

SZ[(DL p2)Cix'(p1) = Ci/k(m)sf;,,-(Pz, -p1)

Matrix relation

C1iS"(z1,22)C1 = S™Hz1 + w2, 22)

S(21,22) = ¥2(21,22)Ssu(zz) (21, 22) @ Ssu(e) (21, 22)

Functional relations
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S-Matrix

BES, Asymptotic Bethe ansatz, and others

Solution of the functional relation leads to Beisert-Eden-Staudacher dressing phase
S-matrix leads to Beisert-Staudacher asymptotic Bethe ansatz

Similar S-matrix has been derived for N' = 6 super Chern-Simons theory
Consistent with the large coupling limit

Consistent with the weak coupling limit

Applied to wrapping interactions by Liischer corrections

Applied to derive thermodynamic Bethe ansatz for conformal dimensions of arbitrary
SYM operators
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Coordinate Bethe-ansatz

one-loop SO(6) Hamiltonian

H= (l Phpsa 2F = K//+1)

L
=1

@ K acts

_ o _0 if g1 # 2
K¢1®¢2_{ XOX+XOX+YQY+YQY+Z0Z+2Z0Z if¢r=¢
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Coordinate Bethe-ansatz

one-loop SO(6) Hamiltonian

H= (l Phpsa 2F = K//+1)

L
=1

@ K acts

K 61 @by — o 0 o if g1 # @2
P1O02=\ XeX L XOX+ YRV +VOY+Z0Z 4202 ifd=d

@ two-particle states

X1 X2 L

1
Lol
X1, X2)pypp =1 Z - P12+ 2)
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Coordinate Bethe-ansatz

one-loop SO(6) Hamiltonian

H= (l Phpsa 2F = K//+1)

L
=1

@ K acts
K dr®dp = o _0 . if g1 # G2
199271 XX+ XX+ YY+YRY+Z0Z+202Z ifdgr=d
@ two-particle states
X1 X2 L

1
Lol
X1, X2)pypp =1 Z - P12+ 2)

W) = Z [ei(p1x1+p2xz) 4 s(p2 ,pl) ei(P2X1+P1X2)] |X1,X2)¢¢

X1 <X
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Coordinate Bethe-ansatz

one-loop SO(6) Hamiltonian

H= (l Phpsa 2F = K//+1)

L
=1

@ K acts
K dr®dp = o _0 . if g1 # G2
199271 XX+ XX+ YY+YRY+Z0Z+202Z ifdgr=d
@ two-particle states
X1 X2 L

1
Lol
X1, X2)pypp =1 Z - P12+ 2)

W) = Z [ei(p1x1+p2xz) 4 s(p2 ,pl) ei(P2X1+P1X2)] |X1,X2)¢¢

X1 <X

Up—ug + i
U2—U1—i’

S(p2,p1) =
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Coordinate Bethe-ansatz

W) = " {faugo (50, %0) X1, XDgr5 + Tppon (X1, X2) X0, X2) g0, )

X1<X2

Fyrg, (X1, %2) = Agig, (12) eilpratpaxe) | Agg,(21) el(P2x1+p1X2)
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Coordinate Bethe-ansatz

W) = " {faugo (50, %0) X1, XDgr5 + Tppon (X1, X2) X0, X2) g0, )

X1<X2

f¢i¢j(X1’X2) _ A¢i¢/(12) eilpratpaxe) | A¢i¢/(21) el(P2x1+p1X2)

@ Solution

( Agip,(21) ):( R(p2.p1) T(p2.p1) )( Ag4,(12) )

Ay (21) T(p2.p1) R(pz2.p1) |\ Apye,(12)

Up — U i
T(p2.p1) = uzz_il., R(p2.p1) = "

up —i o — Uy —i

Tihany 2009.8.27
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) = Z Z {33000, X2) X1, Xa)gg + T (X0, X2) X0, X2V + Z fz(a)xa)z
X1

X1<X2 p=X,Y
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Coordinate Bethe-ansatz

) = Z Z {33000, X2) X1, Xa)gg + T (X0, X2) X0, X2V + Z fz(a)xa)z
X1

X1 <X2 p=X,Y
@ Solution
Ayx(21) R(p2,p1) T(p2,p1) S(p2.p1) S(p2.p1) \( Axx(12)
Agx(21) | _| T(p2.p1) R(p2.p1) S(p2.p1) S(p2.p1) || Axx(12)
Ayy(21) S(p2,p1)  S(p2.p1) R(p2.p1) T(p2,p1) Avv(12) |°
Ayy(21) S(p2,p1) S(p2.p1) T(p2.p1) R(p2,p1) Ayy(12)
(tp — U1)2 -1
T(p2, = - ~, R(p2, = - ~,
(P2 p1) (uz — up — i) (uz — Uy + ) (P2.p1) (uz — uy = i)(u2 — ug + 1)
—i(upz — u
S(p2.p1) = (U2~ u)

(up —up —i)(Up — Uy + i)

Tihany 2009.8.27



Coordinate Bethe-ansatz for SO(6)

Comparison with exact S-matrix

Tihany 2009.
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Comparison with exact S-matrix

SU(2|2) elements

S28(p1.p2) =A. S2(p1.p2) == (A B). S2A(p1.p2) == (A+B)
-t
A:X2+_X1 N U1—U2+.l,
Xy —X{ up—uz =1
N L Y Gt 20 Criatrd Criatr0)| N
X5 - x| (X7 = X)X x5 = X x7) )
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Comparison with exact S-matrix

SU(2|2) elements

1 1
S3a(p1p2) =A, Sip(p1p2) = 5(A-B), Si(p1.p2)=5(A+B)
_ L .
X; — X _
A= 2+ L th U2+_’,
Xy —X{ up—uz =1
B x2‘—x1+ (x‘—xr)(x‘— ;)(xz‘-i-xr) .
X5 - x| (X7 = X)X x5 = X x7) )
Dressing phase
1
- === .
X, — X X, X. u —ux—1I
T(py.p,)? = L2 T .
(p1, p2) T (p1, p2) AR
L XXy
o

Tihany 20 27 im Ahn
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@ The same type:

U —Up +i
U1—U2—i

= 2
S(p1.p2) = (Z(Plgpz) Sgg(Pl,Pz)) =S5A? >




Coordinate Bethe-ansatz for SO(6)

Comparison with exact S-matrix

@ The same type:

U —Up +i

= 2
S(p1.p2) = (Z(Plgpz) Sgg(Pl,Pz)) =S5A? > -
up —up—1

@ 1 # ¢, type:

up — uz
U1—U2—I"

1 1
T(p1.p2) = 5 S3A(A-B) - R(p1.p2) = 5S3A(A+B) -

U1—U2—i
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Comparison with exact S-matrix

@ The same type:

U —Up +i

= 2
S(p1.p2) = (£(p1. p2) S22 (p1.p2))” = SFA® - .
up —up—1

@ 1 # ¢, type:

Lo, up - tp _lo .
T(p1.p2) = 2SOA(A B) — 7(11 i’ R(p1,p2) = 2SOA(A+B) - PP
@ 1 = ¢, type:
1 (uy — up)?
T , _ _SZ A-B 2 - - N
(p1. p2) 2 o( ) (ur —up = i)(up —u2 + 1)
1 2 2 -1
R(p1, = -=-S5(A+8B , ~ >
(p1, p2) 1 o(A+B)" — (U1 — Uz - (L -tz +1)
1 2 i(ul—uz)
S(p1, = -=-S5(A-B)(A+8B ; ~ >
(p1, p2) 250( )(A+B) - (UL =tz = )(tn — uz +1)
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