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Abstract

In this research work, we study different mathematical models that are capable of describing
the particle diffusion phenomena in fluid flows. One-dimensional Cartesian models are
defined to analyze the diffusion phenomena while they occur in a background stream.
We derive exact solutions of the convection—diffusion equation with traveling wave and
self-similar transformations in the case where the flow velocity is constant. The countable
set of solutions presented is derived from the Gaussian distribution and from further
solutions of the diffusion equation, which have even symmetry. In the case where the speed
of the stream may vary, models for incompressible fluid flows are also considered. The
investigated partial differential equation (PDE) systems are reduced to ordinary differential
equation (ODE) systems with the self-similar Ansatz. The derived ODE systems for certain
incompressible flows can be solved analytically, resulting in formulas containing Kummer’s
M and Kummer’s U functions.

Keywords: diffusion; traveling wave; non-linear diffusion; self-similar Ansatz

1. Introduction

Diffusion phenomena are important from a practical point of view and are among the
most investigated transport processes in science (when particles are transported, we call it
diffusion, and when energy is transported, we call it heat diffusion or heat conduction).
The corresponding literature is enormous, so we just mention some fairly recent mono-
graphs [1-4]. A nice historical overview was written by Philibert [5]. Numerical methods
for diffusion equations can be found in relevant studies [6-9].

Fluid flow—without any heat exchange—is another and even more relevant transport
process with high complexity. The existing literature is considerable, so we just cite some
textbooks [10-13]. To investigate the transport process in its full complexity, we need
to couple diffusion and fluid flow problems [14-17]. There is a standard way to do this:
considering the general form of conservation equations where the flow velocity is multiplied
by the gradient of the concentration.

Shukha [18] published a state-of-the-art review of diffusion-induced hydrodynamic
processes in 2001. He derived the conservation equations by making use of Onsager’s
reciprocity relations, and basic solutions were presented for the binary and ternary fluid
systems. These kinds of systems are also important from a biological point of view. As an
example, we mention the diffusion and further transport dynamics of calcium in living
cells, which was studied by Timofte [19].
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In statistics, a similar description to the advection—diffusion equation is the Fokker—
Planck equation. This equation is also characterized by diffusion and a possible drift
term [20,21].

To broaden the horizon of our study, we should mention that as a far analogy, mod-
ern Al science also couples the phrases flow matching and diffusion [22,23]. In classical
transport theory, diffusion in flow systems is described as the interplay between advection
and stochastic spreading, typically formalized through the advection-diffusion equation.
A velocity field transports material deterministically, while diffusion accounts for micro-
scopic fluctuations that redistribute mass. Interestingly, modern generative models in
artificial intelligence—particularly diffusion models and flow matching methods—rely
on a mathematically analogous structure. In these models, probability density replaces
physical density, and the evolution of a data distribution is governed by either a stochastic
differential equation (diffusion models) or a velocity field (flow matching).

In a specific description for extended generality, according to the Benamou-Brenier dy-
namic formulation of optimal transport [24], the mass is transported between two distribu-
tions through a typically time-dependent velocity field that minimizes the kinetic energy.

Let us return to our physical systems. In recent years, we have investigated various
Rayleigh—Bénard convection systems [25] and double-diffusion systems [26]—which are
examples of the usual coupling—and presented analytical results. However, one may
also consider other less well-known and less extensively studied diffusion-coupled flow
phenomena in which the interaction between fluid flow and diffusion differs. All our
presented models are based on certain phenomenological reasoning, which will be men-
tioned alongside the equations of the model and may eventually be derived from higher
thermodynamic principles [27]. The aspects of irreversibility of the diffusion process have
been discussed in Refs. [26,28].

In the following we present four models; all of them are formulated in one Cartesian
space dimension. The first describes a diffusive flow with constant drift velocity, while
the other three describe diffusion processes in incompressible fluid flows. We give phys-
ical interpretation of all our models. There are more generalizations possible, like the
Darcy—Brinkman model, which describes diffusion in porous media [29,30], or reactive
flows [31,32], which present certain situations for compressible or incompressible flows.
The field of multiphase flow dynamics also discusses particle diffusion in fluid flows [33].
As a far-reaching aim, even magneto-hydrodynamical equations can be investigated [34]
from the diffusion point of view.

As an investigation method, we apply the reduction mechanism with the self-similar
Ansatz [35-37]. Our most important arguments in favor of this method are that it easily
gives the Gaussian (or fundamental) solution of the regular diffusion equation and that
the obtained self-similar exponents (in most cases) automatically show if a solution is
convergent or divergent [38,39]. With this self-similar transformation, we have managed
to solve diffusion systems, where we have found even and odd solutions of the diffusion
equation beyond Gaussian solutions [38]. There are also cases where the diffusion coef-
ficient is parameter-dependent [39-41]. Regarding two-dimensional systems, we have
realized a comprehensive study of the two-dimensional heat diffusion equation, and the
explicit self-similar Gaussian and non-Gaussian forms have been presented in [42]. In case
of inhomogeneous media, two-dimensional diffusion has also been studied [43]. From a
practical point of view, heat diffusion has also been analyzed in the context of insulation [44]
or enhanced heat transfer [45]. In more complex cases or higher dimensions, numerical
methods are also useful for such a class of systems [46]. Measurements with possible
comparison to theoretical data support the importance of these phenomena and of different
kinds of approaches [47,48]. The constant drift model can be solved with a quadrature that
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results in certain special analytic functions, while the coupled flow model needs a more
complex evaluation method.

This paper presents solutions of the convection-diffusion equation which are beyond
the Gaussian distribution, which travels in the sense of the stream. The first part of this
study is an application of the results in diffusion found recently by the authors in research
on the spreading phenomenon in streams. These solutions bring the possibility to describe
diffusive phenomena for certain distributions of concentration which are not exactly the
Gaussian distribution but are not far from it. Correspondingly this paper presents a
countable set of advection non-Gaussian concentration profiles. The second part of this
paper shows solutions of coupled equations of incompressible streams with diffusive
material, where the streams may present decay in time.

2. The Models and the Derived Results

In general, diffusive flow has two aspects: one degree of freedom is related to flow
and the other to diffusion. Usually, this means two functions, depending on the situation
considered. To present a detailed analysis, we investigate the case of constant flow and
another case, where the flow obeys the Navier—Stokes equation.

2.1. The Convection—Diffusion Equation

First, we discuss the spread of particles with concentration C which diffuse in an
environment with velocity u. In this subsection, we consider this velocity to be constant
and solve the problem relative to this constantly moving background. The model is
intended to describe, among other things, the dispersion of pollutants in rivers or the
local delivery of certain medications in blood vessels. The standard convection—diffusion
equation is the following:

oC 0j
= )
where j is the total current. The diffusion coefficient D is also considered constant in this
model. The total current is composed of the diffusion current —Dg—g and the convective
current uC
aC

j=-D5- +uC. )

After evaluating the derivative on the right-hand side of Equation (1), one arrives at a
standard form

— =D— — U= 3

At this point, we mention that this last equation is very similar to the Fokker—Planck
equation, where instead of C there is a probability density function [20].

Equation (3) is homogeneous, which means that if C(x, t) is a solution, then multi-
plying it by a constant also yields a solution of the problem. We treat the problem as a
boundary value problem, which means that at the natural boundaries, plus and minus in-
finity, the concentration takes the same finite value. We solve the problem in the case where
the boundary value is zero, with the observation that if C(x, t) is solution of Equation (3),
then Cy + C(x, t) is also a solution, where Cy is a constant. By this, the boundary value
may differ from zero, depending on the background stream. One can choose this constant
depending on further details of the problem.

In the first step, we make the transformation

{ = x —ut. 4)
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By this we arrive at a function C({,t) = C(x,t), which may still have an explicit
dependence on ¢, beyond (.
This change in variables characteristic of traveling wave problems yields the following:

ac _aC aCag aC aC

oF Tt Tagor o Mar ®
The other partial derivative with respect to x is
o _acar _ac o
ox 9l ox o’
with the second derivative .
9’C  9*C
30 == 72 (7)
ox a9
This results in the following equation:
ot af  oz2 ag’
Finally, we arrive at the following equation of C({, t):
aC 02C

This equation is the diffusion equation in {. The equation is important from many
points of view, and a detailed analysis with a lot of practical solutions for finite horizons
can be found in [4].

Equation (9) has quite a number of solutions for an infinite horizon, of which countable
sets have certain symmetries, being even or odd [38]. At this point, we do not present the
whole process which leads to the solutions, although for completeness we show some basic
steps toward general solutions for extended domains. A self-similar transformation in the
form C(g,t) = Ah(y), where y = {/+/t, transforms Equation (9) in the following way:

—yh— =fj=— = Do—. (10)

In this equation, the parameter o remains free, and one arrives at a number of solutions
depending on the parameter 7. The integer or half-integer values of this parameter lead to
solutions which have odd or even symmetry.

2.1.1. The Fundamental Solution

The solutions of (9) have been widely discussed in classical works, from one to three
dimensions [49]. This study covers the diffusion phenomena from a certain point of view,
when the spreading takes place without boundary constraints.

We start with the fundamental solution of Equation (9), which is the Gaussian distri-
bution regarding the variable g,

2

C(gt) = Ko\}zefm, (11)

whose shape becomes wider as time goes by. K is a constant that depends on the total
amount which diffuses. If the total amount is a mass m, then this constant is considered
to be Ky = m/+/4Dm. The solution has even symmetry in terms of {. In this solution we
insert { = x — ut, and we get
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KO (x—ut)z KO 7(x2+u2t2—2xut)
= —=e

C(x,t) = —=e 4Dt 4Dt . 12

) Vit Vit (12
In certain cases this solution is presented as follows:
Ko w(y_up) _x

C(x,t) = —=e2D (x Zt)e iDt 13

(x,1) NG (13)

In this latter formula one can see that the Gaussian form which describes diffusion has
a traveling amplitude.

The form of this solution in presented in Figure 1. The figure shows the fundamental
Gaussian form at different times. One can see that the shape of the Gaussian distribution
becomes wider with time, and it drifts in the sense of the flow, while its maximum becomes
lower. The above-mentioned equation is a solution for the initial condition C(x,0) = d(x),
and the convolution integral

®© KO 7(’f*y*“f)2 KO 7()(71125)2
—e ot H(y)dy = —=e~ 4Dt
A o i (y)dy i

results in Equation (12). This result can be interpreted as a distribution in the case where a
locally introduced material spreads out in the presence of a flow.

1 -
0.8
0.6 -

C(x) < ~
0.4- / \

0.2 X

P > - .

Figure 1. The shape of the function in (13) for different times. In this figure, Ky =1,D = 1,and u = 3.
The red, green, and blue lines correspond to the times f = 1,2, 3.

2.1.2. Further Quasi-Symmetric Solutions Related to Even Solutions of Diffusion Equation

Searching for further solutions of (9) beyond the fundamental one is a difficult task,
and different schools have approached the problem. An interesting study is that by Bluman
and Cole [50]: they arrived at slightly more general arguments than the ones presented
above, with methods of Lie algebra.

An important breakthrough was realized in [38,51], where self-similar and algebraic
methods were combined to arrive at further solutions.

Equation (10) has as solution the following shape function for v = 3/2:

2 72
h(n) =e 01— —]. 14
(= (1-15) (1)
The index n = 27y — 1 = 2 can be associated with this solution considering that the
binomial term beside the Gaussian distribution can be adjusted to be proportional to the

second-degree Hermite polynomial.
By this we arrive at the next even solution in terms of { of Equation (9):

~ PSS < z?
C(gt) = Klﬁe (1 - 2Dt>, (15)
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where K is a constant. The solution is symmetric relative to the parameter , which is
the coordinate in the co-moving frame of the stream. This solution can be considered,
in a certain sense, to be the first even possible adjustment to the Gaussian distribution.
Correspondingly, the concentration C as a function of x and ¢ is

1 G2 — ut)?
Ol = e (1 Epr) o

The shift in the maximum in time and the decay of the amplitude can be better seen in
the following form:

IS SRR P R 1 (x — ut)?
C(x, t) — Klﬁeﬂj 2")e 4Dt 1 ziDt . (17)
This solution is presented in Figure 2.
0.8 - ‘.\'\.
0.6 [\
60 0.4
C(x ] |
0.2 1 —
' | f // -
TRl | T et -
~0.2-
- 0'4 _| T = T T T T T T T T
-2 0 2 4 6 8 10 12 14

Figure 2. The function C(x, t) of Equation (17) for different times. In this figure, K; =1,D =1, and
u = 3. The red, green, and blue lines correspond to the times t = 1,2, 3.

It is interesting to see that Figure 2 shows functions which have fine details and may
go below the zero value. The concentration presented should be considered an additional
concentration to a background value of C, or to the Gaussian distribution presented above.

The next even-shape function, which can be derived from (10), for y = 5/2is

2 2 4
h(n) = e~ (1—%+1’;D>. (18)

The polynomial form beside the Gaussian distribution corresponds to the fourth-order
Hermite polynomial, with index n = 4. As a consequence, Equation (9) has the solution for
infinite horizon, related to exponential and polynomial forms:

B - 1 7% €2 €4

where K5 is a constant.
The corresponding solution in terms of x and t is given by the following relation:

1 —u? (x —ut)®>  (x—ut)*
= —_— 4D, —
Clwt) =K N (1 Dt D ) 0)

One can see this solution for different times in Figure 3. This third solution has
even more oscillations and can express possible additional details of particle distributions
relative to the normal distribution.
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These functions show further possibilities as solutions of the diffusion—convection
equation. In practice, one can rather conceive linear combinations of these solutions which
may appear beside the Gaussian distribution. By this, one may arrive at more diversified
possibilities of analytical description of diffusion in streams.

We also mention the following solution for y = 7/2:

1 _Gow? 3
C(x, t) - K3t—%eiTi) (1 - ﬁ(fx - ut)z
1
—u) - —— (x—ut)® 21
+ apzp ¥ M) opep (X uh) ) 1)

where K3 is a constant. Further properties of the solutions presented above can be found
in Appendix A. To assure the positivity of the concentration, the solutions beyond the
Gaussian one can be considered perturbations or adjustments to a constant concentration
or to the Gaussian distribution so that the total concentration remains positive.

In the following, we consider the possibility of certain flows that are not constant in
space or time. In principle, for non-constant flows, there are two special cases: one, the
flow does not depend on the space variable but depends on time; the other, it conversely
depends on space and not time. Even though the setup seems to allow for more kinds of
dependencies, the incompressible principle with the diffusion equation will constrain the
variation in fluid flow velocity.

0.8- [
0.6 |
0.4- [
C(x) 02 e
-0.2
-0.4- (9
el 0-6 _| : ".__o'l : .
2 0 2 4 6 8 10 12 14

Figure 3. The function C(x, t) of Equation (20) for different times. In this figure, K = 1,D = 1, and
u = 3. The red, green, and blue lines correspond to the times t = 1,2, 3.

2.2. Incompressible Models with Non-Constant Stream

We start with the usual description in one Cartesian space dimension where the
continuity, Navier-Stokes and diffusion equations are coupled together:

uy = 0, (22)
U+ uuy = — % + Vilyy, (23)
Ci+uCy = DCay. (24)

From now on subscripts mean partial derivatives in respect to time and space through-
out the whole study. The three dynamical variables are velocity u(x, t), pressure p(x, t)
and concentration C(x, t), and the three additional parameters of the physical constant are
fluid density p, fluid viscosity v, and regular diffusion coefficient D. For stability reasons,
D should be a positive real number. The same notation will be used in all three models.
Due to the conservation of mass, momenta and particle number, this is the usual coupling
of diffusion to fluid flows. The importance of the term uC, is well described in ref. [52].
All the left-hand sides of the equations describe the conservation of physical quantities

https://doi.org/10.3390/sym18101746


https://doi.org/10.3390/sym18101746

Symmetry 2026, 18, 1746

8of 17

with the help of the substantial derivative. The temporal change in the physical quantity
is proportional to the flux and the quantity which flows in or out of the volume, plus the
existing sources or minus the existing sinks, which are usually written on the right-hand
side of the equations and describe mass variation.

In principle there are a number of possibilities for solving the presented system,
and in the following, we will consider certain cases. Because of the one-dimensional
incompressibility criterion uy = 0, 1y, also vanishes, and the following specific self-similar
transformation yields a variation in u in time rather than in space.

As a second model we may consider that diffusion is just coupled to the flow rather
than to a source term. So the medium which undergoes diffusion has a source or sink:

Uy = O/ (25)
us+uiy = —% + Vilyy, (26)
C: = DCyy+au, (27)

where a is the strength of the source term with the proper physical dimension. This model
can be interpreted as a system, where the concentration C may have a source; i.e., a river
has a concentration of a certain material, and the flow may dissolve this material from the
bottom or bank of the river. In this model, the dissolution of material from the riverbed
is proportional to the flow speed. This may typically happen if the bottom is a salty or
calcareous environment. Regarding sources which come from reaction, one can find further
details in Ref. [53].

We consider the viscosity constant; however, in certain cases of non-Newtonian fluids,
viscosity is a power-law function of fluid velocity [54].

We seek the solutions of these flow systems in the following self-similar form
Refs. [36,37]:

wn) = () =, 28)
p(x,t) = t7°-g(n), (29)
C(x,t) = t 7 -h(n). (30)

where f(17),g(n7) and h(n) are the three independent shape functions depending on the
reduced variable 7 with the needed existing first and second continuous derivatives. Addi-
tionally, &, B, v and ¢ are all real numbers and are called self-similar exponents. Usually,
positive «, § and y exponents mean a solution which decays as time goes to infinity. Nega-
tive exponents mean diverging solutions in general. Positive B dictates the spreading of
the solutions in time. We continue with the detailed analysis of all these three models. The
time derivative of u can be written as follows:

up = —at " — By f, (31)

Above and in the following, primes ’ denote derivation with respect to 7. The deriva-
tive in time of C is similar and can be found if « is replaced with 7. The first derivative in
the spatial variable is

Uy = t74f g—z =t Pf (32)
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The first spatial derivatives of p and C can be evaluated correspondingly with the
exponents J and y. The second derivative in x is

e ) e
T ﬁf/lgzt ® Zﬁf//' (33)
From the first system, Equations (22)—(24), after some algebraic steps, we can easily

derive the coupled ODE system for the shape functions with the self-similar exponents as
constraints conditions. After simplifications, the ODE system reads as follows:

f/ = 0, (34)

f nf o g 1
5yt = —;‘FVf/ (35)
oy — %’7 L = D (36)

The exact values of the self-similar exponents are « = = % and 6 = 1, and -y remains
an arbitrary real number. For these values of the exponents, the LHS and RHS of the
above Equations (22)—(24) have the same temporal decay. The solutions can be determined
by integration:

foy = o, ulxt) =1, (37)
) = Wi, ey -aiie 8)
) = e (73, ~ 29 sy, g, - A, 9)
C(x,t) = t7-<63Ml7,;,—W +c4U 7,;,—WD, (40)

From now on, all ¢; parameters are considered real integration constants. The velocity
and the pressure fields are relatively simple. By this, the topic of the section becomes a
study of time-varying advection. The concentration is more complex and depends on
Kummer’s M and Kummer’s U functions [55,56]. The validity of the solution in (39) is
proven in Appendix B. Note that now there are no extra Gaussian weight functions present.

. 2c1—1)?
Because the argument of Kummer’s functions z = 7%

is always negative or
zero, the asymptotic behavior of these functions is given by the value of the parameter
7 [55]. In general we have the expectation that negative y parameters give rather divergent
solutions and positive v parameters mean decaying solutions.

Regarding regularity of the U function, we have the following observation: The
asymptotic behavior of U for large values of |z| is U(7y,1/2, —|z|) ~ |z|~7¢~""™7, which is a
decaying function for positive ; for these values, the function remains finite.

The solution of the diffusion equation in this case only shows a difference relative
to the first model. Therefore, we focus on analyzing its properties. For understanding
the main features of the solutions, one can see that the shape functions is also composed
from special Kummer’s function and, from this point of view, may have certain similar
properties. In an interesting way, in the latter model, there is no explicit decay in terms
of exponential function. Figure 4 shows Equation (40) for the parameters of v = 1/2,
¢t =1/2,c3 = 1,c4 = 0and D = 1. In this case Kummer’s M function gives a regular
behavior at the boundaries as well.

Regarding integrability of Kummer’s functions, it depends on the parameter -y. The
most straightforward case is c3 # 0 and ¢4 = 0. In this case the integrability of Kummer’s
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M function can support the physical feature of the concentration. If v = 0, for ¢; = 1 and

M(O,l —(2_’7)2> —1. (41)

D =1, one has

2’ 4
If one integrates it, the integral is divergent.
For v = 1/2, we have the following integral:

[ -5 Yoy ae

This means that this integral is finite and that the integrand can be related to a possible
physical solution of the equation system with finite mass.
For a higher value v = 3/2, the integral is also finite:

(3l _@-m?\,
/mM(z’z’ ) ay =o. (43)
Similarly, the integral for y = 5/2 yields
RV Sl D W
/_mM(z’z’ o Jdn=o. (44)

One can see that there are solutions of the presented model which have finite integrals.
The concentrations related to these solutions belong to a finite-mass system.

10
Cix)

0.0

0.5
X

0
1.0

Figure 4. The figure shows Equation (40) for the values v = 1/2,c; = 1/2 and c4 = 0. All the other
previously not specified parameters are set to unity.

The second model, Equations (25)—(27), has internal self-similar symmetry with all
fixed exponents « =1/2,=1/2,6 =1, = —1/2, which assure, for the RHS and LHS
of the governing equations, the same temporal decay as one can see in Appendix C. The
following ODE system is obtained:

f/ = 0, (45)
f nf I _&' 11
—y -y tff = ; +vf7, (46)
h Wy "
+5 -5 = Di'+af. 47)

One can see that Equation (47) has an interesting symmetry. The equation remains
unchanged under the change in the variables 7 — —# and h(—#) — h(1), which means
that we can expect at least an even-symmetry solution.
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The velocity and the pressure fields are the same as Equations (37) and (38). Due to
the fixed negative value of the v self-similar exponent, the shape function k(1) and the
concentration distribution C(x, t) have the form

2
h(ﬂ) _ <D€4]D +@ ~17~erf[17]>C3+7764+2aC11 (48)

2vD
' ( VvDrx

erf{ _r } o
2/t 2v/Dt
where erf{} is the Gauss error function [55,56]. Due to the negative exponent 7, the

3+ C4W + 2acl> , (49)

2
Clx,t) = t2-[ |De 07 +

concentration C(x, t) has a slight divergence in time, which can be explained by the presence
of the source. Beyond the mathematical result, from a physical point of view, these equations
are valid for the time in which one can afford the source supply of Equation (27).

Figure 5 shows Equation (49) for v = —1/2 with all other parameters set to unity. The
function exhibits a square-root increase in time, which is due to the presence of the source
in the dynamics. In an interesting way, this increase is less than linear, because the source
itself, as result of the solution of the system, has a slight decrease in time.

4
C(x.t)
. 2
0.0 1T ¢
0.5 0
.10

Figure 5. The function C(x, t) of Equation (49) for 7 = —1. The diffusion coefficient D = 1, while the
other constantsa =1,¢c; =1,c3 =land cqy = 1.

We also present the case, as a third incompressible model, where both the stream and
the source term are present.

Uy = 0/ (50)
Up +uty = — % + Vilyy, (51)
Ct + qu = DCxx + au. (52)

This system with convection and source can be transformed, using the self-similar
Ansatz, and one arrives at the following system of equations. The complexity comes from
the fact that it has the constraints which come from convection and from the presence of

the source.

We use the self-similar transformation presented in (28)—(30). The exponents are
all fixed in this construction as « = 1/2, = 1/2,0 = 1,7 = —1/2, resulting in the
ODE system
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f =0, (53)
f nf & "
—5—7+ff = —;+vf, (54)
+g_h/777-|-fh’ = DK +af. (55)

The solution of this system is f = c¢;, which is constant. The next shape function
g = c1p%} if there is no free term, and the corresponding form of pressure is p = %cl pzi\/;,
which shows the evolution of this quantity.

The expression of & is the following;:

o
S
|

Nl

h(n) = Ca(—2c1+71)+Cy (2\/ nDeV(Lzlfﬂ) +(2¢c1 —n)e D ~erf< 75 ) n) +2acq, (56)

which is specific for dynamics.
The corresponding C(xt) is

C(x,t) = t2 {Cz (\J/CE — 2c1) + 2acy

X (4o - L) . c1 — X_
+ (2\/ nDe% + <2c1 — \2)@52 -erf<1\/52‘/2> n)} (57)

This function is presented in Figure 6.

0.1 0

Figure 6. The function C(x,t) of Equation (57) for ¢y = —%. The diffusion coefficient D = 1, and
1 = 1,C2 = 1,C1 = 1,a =1.

One can see that this last solution has a specific shape. The shape of the function
shows the variety characterized by both source and the flow in the system.

3. Summary and Outlook

In the presented study, we investigated four different types of coupling mechanisms
between viscous fluid flow and diffusion phenomena. Incompressible one-dimensional
systems were investigated with the self-similar Ansatz. For these systems, most of the
results are analytical and can be expressed with Kummer’s M and Kummer’s U functions
or with the error functions. In case of constant flow velocity, the results show a part which
expresses the presence of the stream and another part which shows diffusion. Regarding the
diffusive part, the presented functions have even symmetry: one of them is the Gaussian,
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and the others are further even solutions of the diffusion equation found recently by
the authors.

In the other cases, where the stream may vary in time, the stream still remains incom-
pressible, and the results depend on further details of the dynamics. If there is no source
term in the dynamics, the results can be expressed in terms of Kummer functions, which
have reasonable decay, a characteristic of diffusive phenomena. In the presence of particle
source in dynamics, the solution is still analytic in terms of the error function and has a
temporal increase because of the mass inflow due to the source.

Further works are in progress to find and analyze models that are capable of describing
more complex diffusion phenomena like reactive flows [31] that combine elements of our
first and third models.

A second kind of straightforward option is to investigate the same systems in a spheri-
cal coordinate system; due to the additional 1/7 factors, singular solutions may emerge.
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Appendix A. The Moments of Distributions for the Model with a
Constant Stream
In the following we evaluate moments related to the functions of Sections 2.1.1 and 2.1.2.
The presented solutions have certain properties, which we present in this appendix.
We first work in the co-moving frame where we consider y = x — ut.
2

o m y
e ibidy =m. Al
| ey (A1)

We set m = 1, and by this, the consideration will also gain a probabilistic aspect. The

first moment is

o] 1 yZ
e inidy =0, A2
/;ooy\/4D7T Y ( )

and in the co-moving frame, all the odd moments are zero. The second moment is

/ V2L dmay— oD (A3)
————e idy = t.
—o0 Y V4D Y
The result expresses that the expectation value of the space variable squared for finding
a particle at coordinate y is proportional to time.
The first non-Gaussian solution for 7y = 3/2 has the following properties:

/oo L i1 2 )ay = (A4)
o VAD7 2Dt )Y =

The first moment is

o0 1 7& ]/2
/700 mye iDi 1_ﬁ dy =0. (A5)
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The second moment is

2 2
/ \/Wﬂy ( - ZyDt>dy — _4D. (A6)

In the absolute frame with the x coordinate, the integral over the whole space will not
change. The first moment

o0 1 (x—ut)?
x e~ 4Df dx = ut, A7
/—oo VAD7t (A7)

expresses that there is an average drift in the sense of 1. The second moment in x

0 1 (x—ut)?
2 - 2
e i dx = +2Dt, A8
/foo vV 4D7'C (A8)
shows the presence of both the convective and the diffusive part.
The non-Gaussian solution for v = 3/2, with Hermite index n = 2, in the x frame has

o 1 w? (x — ut)?
Lw *Vabr < 2Dt ) =0 (49

and the second moment is

the property

x — ut)?

X—Uu 2
/ s (1 _ (e—ut)?
\/4D7rt 2Dt

The solution for v = 5/2, with Hermite index n = 2y — 1 = 4, results in zero odd

>dx = —4D, (A10)

moments, while the second even moment is

_ (x—up)? (x — Mt)z (X — Mt)4
4D 1— = All
/ \/4D7t ' ( pr " mpe )0 (ALD)

The solution for v = 7/2, with n = 6, has the second moment

_ 3(x—ut)?  (x—ut)*  (x—ut)s
N - dx=0, (A12
/ \/m t ( 2Dt + 4D2¢2 120D3#3 x (A12)

while the odd moments are zero.

Appendix B. The Validity of Solution (39) Verified by Direct Insertion

If the coefficient of Kummer’s M is one in Equation (39) and the coefficient of Kum-
mer’s U is zero, than the function k() equals KummerM(vy,1/2, —(—1 — 2¢1)?/(4D)). In
this case the first derivative of & is

/ _ (= +2¢c1)° (= +2¢1)?
B B C(=n+20)? ] 1
+ (1/2 7)M< 1+9,1/2, 1D > Cn+2a) (A13)

The second derivative of h is
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.2 02

4D

B 2 [@a—n (e +2a)?
(—17+2c1){ 2D M(%l/z’ 4D

1 (2¢ 717)2
- Ga (— D +7—1/2)
( 7(2”45’7)2 +y - 1/2>M<% 1/2, - (2“4;’7)2) + (% - 'y)M('y ~1,1/2, - (2”45’7)2))
1_
2<27>(17)<M<%1/2,(2C14517)2>M<71,1/2,(2C14;”)2>>}. (A14)

One possibility is to identify the left-hand side and the right-hand side of Equation (36)
and identify the corresponding terms or use the command simplify (—vyh(y) + (c1 —
1n/2)h' (1) — DK (7)) of Maple, which equals zero.

The verification for Kummer’s U function can be done in the same manner.

+ (1/27)M<1+7, 1/2, w)}

Appendix C. Determination of the Self-Similar Coefficients

In the following we present the method of evaluation of the self-similar coefficients
for the model with source terms in (25)—(27).
After inserting the self-similar forms from (28)—(30), one arrives to the following

reasoning.
From the first equation
t—e1f =, (A15)
« can be any value, and f "= 0. The eq. Uy + Uy = —% + vy, can be transformed into
—l’ét—a_lf _ 'Bt—tx—lnf/ + t—th—lef/ _ _;t—(s—ﬁg/ + Vt_‘x_zﬁf//, (A16)

We expect this equation to have the same time decay. This means that
—a—1=—a—-28. (A17)
This equation fixes § = 1/2. As a next step,
—a—1=-2a—8, (A18)
which yields &« = 1/2. Furthermore the term related to pressure gradient requires
—a—1=—-6—-p (A19)
which means that with the valuesof § =1/2and « =1/2,
s=1 (A20)
The values of 7y and J are fixed by the third equation of the equation system:

e e ‘Bt—’)/_lﬂh/ — Dt 728y + at_“f. (A21)
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From this equation, one gets —y —1 = —a or vy = —1/2.
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