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Abstract

We present a stability analysis of a dark-fluid model described as a non-relativistic, ro-
tating, non-viscous, self-gravitating fluid. We assume there is spherical symmetry and
model the matter using a polytropic equation of state. The resulting coupled nonlinear
partial differential equation system is solved using a self-similar ansatz known from the
Guderley-Landau-Stanyukovich problem. We find that three of the four Lyapunov expo-
nents are negative, while only one is positive. This indicates the existence of one unstable
direction and three contracting directions in phase space. The single positive exponent
is relatively small, suggesting that the self-similar solution is only weakly unstable and
remains dynamically robust over the investigated interval.

Keywords: dark fluid; Sedov-Taylor ansatz; self-similarity

1. Introduction

By employing various symmetries, one can successfully solve a wide variety of dynam-
ical systems described by nonlinear partial differential equations (PDEs). One particularly
common and useful type of symmetry is self-similarity. Numerous physically relevant
self-similar solutions have been found since Gottfried Guderley’s famous discovery of
spherically symmetric self-similar solutions for an imploding gas collapsing toward the
center [1]. In this paper, we use the self-similar solutions introduced independently by
Leonid Ivanovich Sedov and Sir Geoffrey Ingram Taylor during the 1940s [2,3].

Although such models have been well known for decades, they continue to attract
considerable attention. This ansatz has already been applied successfully in several contexts,
including heat conduction [4], the three-dimensional Navier-Stokes and Euler equations [5],
and star formation [6]. The concept of self-similarity also has a wide range of applications
in general relativity. Homothetic solutions were first introduced by Cahill and Taub [7] and
have been studied extensively in connection with gravitational collapse [8] and asymptotic
cosmological solutions [9].

This perspective is particularly relevant in astrophysical and cosmological settings,
where some of the most fundamental open problems concern the dark sector. One possible
approach is the dark-fluid concept, which seeks to describe both dark matter and dark
energy within a single continuous classical medium [10]. In our previous studies, we
developed and investigated a cosmological model based on hydrodynamics [11]. The dy-
namics of the dark-fluid-like medium are governed by a coupled nonlinear system of partial
differential equations. In our model, we studied one of the simplest dark-fluid materials
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described by a linear equation of state (EoS). The Euler equation governs fluid dynamics,
whereas the associated gravitational field is determined through the Poisson equation.
We found time-dependent scaling solutions for the velocity, density, and gravitational
fields that could serve as candidates for describing the evolution of gravitationally coupled
dust-like dark matter within a Newtonian cosmological framework. Our present goal is to
provide a stability analysis of our model and derive the Lyapunov exponents.

2. The Model

We consider a set of coupled non-linear partial differential equations, which describe
the non-relativistic dynamics of a compressible, self-gravitating, rotating fluid with zero
thermal conductivity and zero viscosity, in radial spherical coordinates.

The first governing equation is the continuity equation. The second is the Euler
equation, which includes the pressure term derived from the EoS, the radial component of
the external force density, and an effective rotational term on the right-hand side. Here, w
is a dimensionless parameter describing the magnitude of rotation, and 6 is the polar angle.
We assume that the rotation is slow enough that a spherically symmetric leading-order
description remains applicable; i.e., the rotational energy is negligible compared with the
gravitational energy. The third equation is the Poisson equation for the gravitational field.

2u
9+ (@rp)u + () + =F =0, (1a)
: 2
Ayt + (udy)u = —;a,P — 9D+ Smf# (1b)
20,P + 19,y P = 47 Grp. (1c)

Here, the dynamical variables are p = p(r,t), u = u(r,t), ® = ®(r,t), and P = P(r,t),
denoting the density, radial velocity, gravitational potential, and pressure, respectively. We
apply the linear EoS

Po) =wp", m=1. @

More information about the model can be found in [12]. Several forms of the EoS are
available in astrophysics, and polytropic ones have been used successfully in the past;
see, for example, Emden’s classical book [13]. Equations of state with negative pressure
of this type are widely used in dark-fluid cosmology, most notably in the Chaplygin and
generalized Chaplygin gas models [14-16]. In Equation (2), the parameter w may vary
depending on the type of matter governing the system’s evolution. Traditionally, w = 0
corresponds to the EoS of ordinary non-relativistic matter or cold dust. In this paper, we
choose w = —1 as a simple phenomenological case within the present dark-fluid framework.
The adiabatic speed of sound can be evaluated from Equation (2), and it is straightforward
to show that it is constant. Note that, in the calculations below, the geometrized unit system
(c=1,G =1)is used.

One can find semi-analytic solutions to the equations by applying the long-established
self-similar ansatz developed by Sedov and Taylor [2,3], which can be expressed in the
following form:
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u(r,t) = t"‘f(%) , (3a)
p(r,t) = t‘"’g(:ﬁ> , (3b)
O(r,t) = 5h<tﬁ>, (3e)

where ¢ denotes time and r the radial coordinate. One can see that all shape functions
(f, g, ) depend only on the combination rt~#; therefore, we introduce the self-similarity
variable ¢. The variable ( is dimensionless in geometrized units. The exponents «, 8, 7,
and ¢ are called similarity exponents and have clear physical meanings. In particular,
characterizes the temporal spreading of the spatial profile when § > 0, or contraction
when < 0. The remaining exponents describe the temporal scaling of the amplitudes of
the corresponding fields. The similarity density profile g(7) is restricted by the physical
admissibility condition g(77) > 0.

A general description of the properties of these types of scaling solutions can be found
in our previous publication [11]. Thus, we have calculated the relevant time and space
derivatives of the shape functions and substituted them into the equations in Equation (1).
We obtained the following numerical value for the exponentsa =0, =1, =2,and 5 =0
for both the non-rotating and the rotating cases. These exponent values indicate a spreading
spatial profile for the relevant dynamical variables. In this sense, the self-similar behavior
may be interpreted as expansion-like at large astrophysical or cosmological scales.

By substituting the obtained numerical values of the similarity exponents, we have
reduced the induced PDE system into an ordinary differential equation (ODE) system that
depends only on the { independent variable. We found that the obtained equation system
has the following form:

ZF(D)8(Q)) +2f(0)g(Q) =28(0) +2%8'(2), (4a)
O+ OO = - éf) () + {w?sin, (4b)
2W(§) + K Q)] = dng Q)] (40

Unfortunately, the presented ordinary differential equation system Equation (4) cannot be
solved analytically. For linearized non-autonomous ordinary differential equation systems,
the stationary point of the phase space can be found, and one can say something about
the general asymptotic behavior of the solutions [17]. Nonetheless, there is no generally
known method for non-linearized non-autonomous differential equation systems. Local
existence for the Euler-Poisson Cauchy problem has been studied in the mathematical
literature, including density profiles without compact support [18]. Here, we restrict our
attention to a self-similar solution class, defined for the time interval where the similarity
ansatz is regular. Therefore, it is a reasonable approach to solve the obtained ordinary
differential equation system, Equation (4), numerically for a large number of parameter
sets (based on physical considerations) to explore the behavior of the solution to the system
with different boundary and initial conditions. One example of the numerical solution is
shown in Figure 1.

Here, with respect to a specific parameter set and initial conditions, the velocity shape
function f({) is nearly linear after a short initial decrease. The function g({) becomes
asymptotically flat after a rapid rise, which is consistent with matter conservation. The fi-
nal shape function, h({), exhibits an increasing polynomial trend associated with the
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gravitational potential. To obtain sufficiently smooth numerical solutions, we solved the
ODE system using the adaptive numerical integrator provided by Wolfram Mathematica
13.1 [19]. For all calculations, the integration limits were (o = 0.001 and {max = 40, as in
Ref. [12]. We considered the following ranges of initial conditions: f({y) = 0.005-0.5 and
¢(Co) = 0.001-0.1, together with h(y) = 0 and 1'(gp) = 1.

This choice of initial conditions reflects the physically reasonable assumption that the
density profile satisfies R(g) C R" and remains finite. Some recent work suggests that
dark fluid may have negative mass [20]. However, in the present model, this choice leads
to singular solutions. Likewise, R(f) C R corresponds to an initially radially expanding
fluid. We observed numerically that if the initial values of f({) and g({) are chosen outside
the ranges given above, the solution becomes singular. We also found that varying the
initial condition associated with the gravitational potential does not qualitatively affect the
time evolution of the system but instead only produces vertical shifts. Therefore, we set its
initial value to zero.

[ h(4)
15¢ ]
< /
= 10- / ]
g y ()
G [1009() ) /
“— 5 j L 4

Figure 1. Numerical solutions to the shape functions (spherical symmetric case, linear EoS). The in-
tegration was started at o = 0.001, and the following initial conditions were used: f(y) = 0.05,
£(Co) = 0.053, h(Lp) = 0,and ' ({p) = 1. To increase visibility, the function g({) was scaled up by a
factor of 100. The values are expressed in geometrized units.

3. The Stability of the Self-Similar Solution

The Sedov—von Neumann-Taylor self-similar ansatz for the Euler-Poisson system
provides a powerful framework for analyzing non-linear gravitating fluid dynamics. By in-
troducing an appropriate similarity variable, the original partial differential equations
governing velocity, density, and gravitational potential can be reduced to a coupled system
of ordinary differential equations. Even though this reduction substantially simplifies the
mathematical structure of the original problem, it typically leads to a dynamical system that
is explicitly dependent on the similarity variable, rendering it inherently non-autonomous.

The non-autonomous nature of Sedov-type self-similar Euler-Poisson equations has
important consequences for stability analysis. Classical approaches based on autonomous
fixed-point theory [21] or asymptotic Lyapunov [22] exponents rely on infinite-time limits
and time-translation invariance, assumptions that are generally violated in self-similar
configurations. In particular, the evolution variable in the reduced system does not rep-
resent physical time, and the dynamics often terminate at finite values corresponding to
singularity formation, shock emergence, or loss of self-similarity [23]. As a result, stability
must be understood in a finite-interval sense, along dynamically evolving solutions.

In this context, finite-time Lyapunov methods offer a natural and mathematically
consistent approach to stability analysis. By quantifying the growth or decay of infinitesimal
perturbations along a reference self-similar trajectory over a prescribed interval of the
similarity variable, finite-time Lyapunov exponents capture transient instabilities and local

https://doi.org/10.3390/particles9030078


https://doi.org/10.3390/particles9030078

Particles 2026, 9, 78

50f10

sensitivity that are intrinsic to non-autonomous gravitational flows. This trajectory-based
perspective is particularly well-suited to self-similar Euler-Poisson dynamics.

Motivated by these considerations, the stability properties of the self-similar Euler—
Poisson system studied in this work are analyzed using finite-time Lyapunov exponents
computed along the obtained reference solutions. This framework provides a quantitative
measure of dynamical stability that remains valid in the absence of an autonomous struc-
ture, allowing for a systematic investigation of transient growth phenomena relevant to
gravitational collapse and self-similar flow evolution. Thus, one should consider a general
non-autonomous dynamical system of the form

dx _
dz

where F : R” x R — R" is assumed to be sufficiently smooth to ensure the existence

F(x, ), x € R"and ¢ € RT, (5)

and uniqueness of solutions [24]. Let x(; (o, Xp) denote the solution satisfying the initial
condition x({p) = x¢. The corresponding flow, ¢, is defined as follows:

(Pgo (x0) = x(Z; G0, %0)- (6)

For non-autonomous systems, the flow satisfies, for any intermediate point T,

9%, (880, %0) = 95T, 9%, (T3 80, %)) @

Throughout this analysis, a single reference trajectory is selected by specifying xg and
integrating the system over a finite interval [{o, {¢]. Let us consider a small perturbation
4(¢) from the reference trajectory x({), such as

x(8) = x(¢) +0x(Z)- ®)
The evolution of the perturbation is governed by the variational equation

C?C ox = DXF(x(g),é) ox, 9)

where DxF denotes the Jacobian matrix of the vector field evaluated along the reference
solution. The solution to the differential equation, defined in Equation (9), can be expressed
in terms of the fundamental matrix

®(80,) = Dot (&40, %0), (10)

which maps initial perturbations to their evolved values,

5x(§) = (I)(g, gO) 5X(€0), (11)
with the following properties
(I)(Z, T)q)(T/ 50) = (I)(g, gO) ’ (12)
®(C, 1) =2 (1,0), (13)
o(t,7)=1. (14)

For a given initial perturbation direction dxo, the finite-time Lyapunov exponent can be

1 | ®(Z, o) oxol|
o™ oxl

defined as

AT, o, 0%9) = (15)
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over the interval [, {¢], where || - || is the L?-norm. Yet, Equation (9) cannot be solved
analytically for most real-world physical systems. In numerical implementations, it is
often advantageous to avoid the explicit construction of ®({o, {¢). Instead, the finite-time
Lyapunov exponents can be obtained via the algorithm developed by Benettin et al. [25].

Benettin-Galgani-Giorgilli-Strelcyn Algorithm

The algorithm divides the total integration range [{o, {¢] into N subintervals of length
60 = (f — Co)/N. The validity of this partition of intervals is the direct consequence of
the semigroup property (cf. Equation (12)) of the fundamental matrix [25], such as

@ (G5, Go) = ®(ON, ON-1)P(IN-1,On-2) - (T2, Co)- (16)

In every step, the algorithm employs a periodic Gram—Schmidt re-orthonormalization
to prevent numerical overflow and maintain linear independence of perturbation vec-
tors [26,27]. We implemented this re-orthonormalization step here via the QR decomposi-
tion [28],

y®) = QR®), (17)

which is equivalent to Gram—Schmidt orthogonalization in a numerically robust matrix
formulation. The Q%) is an orthogonal matrix, and R®) is an upper triangular matrix with
positive diagonal entries. Here, Y®) denotes the matrix whose columns are the evolved
perturbation vectors over the k-th integration interval.

)

bation vector during this interval. They are therefore local growth factors generated by

The diagonal entries Rl(lk measure the stretching of the i-th reorthonormalized pertur-
the QR reorthonormalization procedure. Consequently, in the Benettin-Galgani—-Giorgilli—
Strelcyn algorithm, the Lyapunov characteristic exponents are estimated from the accumu-
lated logarithmic QR growth factors:

1 N

— Z ln‘Rg() .

AR —
! gf —Co k=1

(18)

These quantities are QR-based finite-interval estimates associated with the chosen refer-
ence trajectory and reorthonormalization procedure. They should be distinguished from
finite-time Lyapunov exponents defined directly through the singular values of the full
fundamental matrix:

1
AFTLE _ oh oi( (5, %0) )- (19)

In the asymptotic limit, under the usual convergence assumptions, the QR-based Benettin
estimates converge to the Lyapunov spectrum.

4. Results

To analyze the stability properties of the obtained solution, the spherically symmetric
Euler—Poisson equations (cf. Equation (4)) must be transformed into the form defined in
Equation (5). Consequently, we introduce a new auxiliary function k() = 1'({), and the
relevant ODE system reduces to the first order, as follows:
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— — 202 sin
ro) = Ef@)w Q) + 0 (200)
o[(F@) -0~ ]
— —7)? — w?sin
J(0) = g2 =0 +§(k§§> w?sin) 200)
o[(F(@) - ) — ]
k() = 4mg(Q) —2k(0)g 1, (20¢c)
H(g) = k(Q). (20d)

with the effective rotational term. The vector field F, whose components are defined as
the r.h.s. of Equation (20), exhibits singularities where the denominators vanish. Thus,
the initial conditions established in Ref. [12] were used for the finite-interval stability
analysis. To avoid numerical instabilities from numerical differentiation, the Jacobian (cf.
Equation (9)) is obtained symbolically, as follows:

Ju 0 Jiz 0
0

D)D) = | 2 2 h% ol @
0 0 1 0

(F@Q) ~ 0 +o]
:é[(f(é) e = oo ok + 2],
__f@-t
[(F(©) =)~ ]
2(0) 20 = 0 [2(£(2) = 0) + 3w — [2k(§) — 2] [322 + 3f2(8) — 28£(8)) +w]

Tk(g) + PPw® — 2w/,
(@) -0~ ]’ | -

1 (@) - D(0) )7 - k(g) + 7]

¢t (&) 07 ~ )]
5@ (@-0

2 [K(8) — 2w —20],

C @ -0 o]

() = 0)F = 2k(Q) + P? + ],

where sin = 1. One can explicitly state the numerical iteration. The interval [{o, {¢] is
divided into N subintervals,

_ &%

Ck = Co+ kAL, AT N k=0,

N. (22)
The initial perturbation basis is chosen as Qp = I,. On the k-th subinterval, the varia-

tional equation

ay,

D@V (@) = Qe (23)
is integrated simultaneously with the reference trajectory, using the Jacobian defined in
Equation (21). At (j, the evolved perturbation matrix is factorized as

Yi(Ck) = QxRy, (24)
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where Qy is orthogonal and Ry is upper triangular. The matrix Qy is used as the initial
perturbation basis on the next subinterval, while the logarithmic stretching factors

Sik = Sik—1+1In|(Rp)iil- (25)

are accumulated from the diagonal elements of Ry. The resulting QR-based finite-interval
Lyapunov estimates are defined in Equation (18), which can be written as a function of S; :

S4
AR _ _2iN 26
T 26)

The finite-interval Lyapunov exponents are obtained as follows:
A =0241, Ay =-0649, A3=-1241, Ay = —-2.701. (27)

If a small rotational term is added to the system defined in Equation (20) and the Jacobian
in Equation (21) is modified accordingly, the Lyapunov exponents vary to

A =0278, Ay =-0757, A3 = —-1418, A4 = -3.10. (28)

Both spectra exhibit a single positive Lyapunov exponent, indicating the existence of one
unstable mode. The remaining three negative exponents indicate contraction along three
directions of the local tangent dynamics over the investigated interval. Consequently,
the obtained solution may be interpreted as a weakly unstable self-similar solution that
remains dynamically robust in a local finite-interval sense, although it requires fine-tuning
of one parameter to satisfy the physical matching conditions.

5. Conclusions and Outlook

In this work, we investigated the stability of self-similar solutions to the Euler-Poisson
dark-fluid model. By applying a Sedov-Taylor-type self-similar ansatz, we reduced the
original nonlinear partial differential equation system to a set of ordinary differential
equations. These equations were solved numerically, and the resulting solutions were
analyzed using finite-time Lyapunov exponents.

We found that, for the parameter ranges considered, three of the four Lyapunov
exponents are negative, while one is positive. This indicates that the self-similar solution
possesses a single unstable mode and three contracting directions in phase space. The same
qualitative behavior remains present when a small rotational term is included. These
results suggest that the model admits a weakly unstable but dynamically robust self-
similar solution.
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