RESEARCH ARTICLE | MAY 07 2026
Self-similar solutions for diffusion equations with
concentration-dependent diffusion coefficients ©

Imre Ferenc Barna; Gabriella Bognar; Laszl6 Matyas; Krisztian Hriczo &

AIP Conf. Proc. 3489, 200005 (2026)
https://doi.org/10.1063/5.0328984

@ B

View Export
Online  Citation

Q
(&
o
()
-
()
Y
o
@)
o
-
<L

Proceedings

Articles You May Be Interested In

A review on thermal and acoustic insulation materials of wall multi-layered building
AIP Conf. Proc. (May 2026)

CFD analysis of surface roughness effects on ship resistance and experimental drag reduction through
riblet implementation

AIP Conf. Proc. (May 2026)
Comparative analysis of single and hybrid nanofluids in turbulent flow through corrugated channels

AIP Conf. Proc. (May 2026)

N/ Zurich
/ N\ Instruments
‘W vHRU -
Lo xe =] Freedom to Innovate.
mmm“i' ! !IJIIIJIIJHIIIIHI MM“HW B The New VHFLI 200 MHz Lock-in Amplifier.

Orchestrate pulses, triggers, and acquisition as the hub of your experiment.
Discover more - run every signal analysis tool, simultaneously.

AIP
£ bublishing

¥T :¥Z :60 9202 AaN TT


https://pubs.aip.org/aip/acp/article/3489/1/200005/3389059/Self-similar-solutions-for-diffusion-equations
https://pubs.aip.org/aip/acp/article/3489/1/200005/3389059/Self-similar-solutions-for-diffusion-equations?pdfCoverIconEvent=cite
javascript:;
javascript:;
javascript:;
javascript:;
https://doi.org/10.1063/5.0328984
https://pubs.aip.org/aip/acp/article/3489/1/200007/3389077/A-review-on-thermal-and-acoustic-insulation
https://pubs.aip.org/aip/acp/article/3489/1/200001/3389064/CFD-analysis-of-surface-roughness-effects-on-ship
https://pubs.aip.org/aip/acp/article/3489/1/200003/3389132/Comparative-analysis-of-single-and-hybrid
https://servedbyadbutler.com/redirect.spark?MID=188841&plid=3656536&setID=1044448&channelID=0&CID=1691020&banID=524353488&PID=0&textadID=0&tc=1&rnd=1936645476&scheduleID=3877590&placementScheduleId=3877590&adItemScheduleId=0&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&metadata=%5B%5D&mt=1778491454336858&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Facp%2Farticle-pdf%2Fdoi%2F10.1063%2F5.0328984%2F20996719%2F200005_1_5.0328984.pdf&request_uuid=457e8604-d977-4bf6-a908-42311cc097d4&hc=10917cfad5cacd6217af84b70473b3dc67dd618c&location=

Self-similar Solutions for Diffusion Equations With
Concentration-dependent Diffusion Coefficients

Imre Ferenc Barna!?, Gabriella Bognérz’c), Laszlo Métyés3’d) and Krisztian

Hriczé 2

"Hungarian Research Network, Wigner Research Centre for Physics, Konkoly Thege iit 29-33, 1121 Budapest,
Hungary
2 University of Miskolc, Miskolc-Egyetemvdros 3515, Hungary,
3Department of Bioengineering, Faculty of Economics, Socio-Human Sciences and Engineering, Sapientia
Hungarian University of Transylvania Libertdtii sq. 1, 530104 Miercurea Ciuc, Romania,

3 Corresponding author: krisztian.hriczo @uni-miskolc.hu
Pbarna.imre @ wigner.hu
9gabriella.v.bognar @uni-miskolc.hu
Ymatyaslaszlo@uni.sapientia.ro

Abstract. In this study, we focus on analyzing irregular diffusion equations, where the diffusion coefficients are concentration
functions, leading to nonlinear behaviors. To explore these complex systems, we employ the self-similar Ansatz, a powerful method
that allows us to simplify the partial differential equations into ordinary differential forms. Our research examines cases where the
diffusion coefficient follows a power-law dependence on concentration. Through this analysis, we identified specific solutions
for these diffusion equations. Notably, these solutions can be represented using a general analytic implicit function, providing a
versatile framework for understanding the diffusion process in such systems.

INTRODUCTION

One of the most fundamental transport phenomena is diffusion, where particles move from regions of higher concen-
tration to lower concentration. A closely related process is heat conduction, where thermal energy is transferred from
hotter areas to cooler ones. Both of these phenomena are of immense importance, not only in fundamental scientific
research but also in numerous engineering applications. Diffusion and heat conduction are crucial to understand-
ing various processes, ranging from chemical reactions and material design to environmental and industrial systems.
Given their significance, these processes have been the subject of extensive research, resulting in an overwhelming
amount of literature on the topic, from which we mention some modern textbooks [1, 2, 3, 4].
The simplest diffusion process is the regular one, which is formulated with parabolic partial differential equation
(PDE) in the well-known form of
0C(x,1)

Fra D - AC(x,1), (1)

where C(x,?) is the concentration, and D is the diffusion coefficient, which is a positive real constant, and A repre-
sents the Laplace differential operator in arbitrary dimensions in an arbitrary coordinate system. Certain boundary
conditions belong to equation (1).

There are numerous solutions known for finite systems, which are often related to engineering applications [5, 6].
In the last years, with the self-similar Ansatz (which we defined a bit later), we found new types of analytic solutions
on the whole axis [7]. In the following study, we broaden our analysis and investigate the nonlinear diffusion equation
with the self-similar research and try to find analytic solutions.
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THEORY AND RESULTS

Our starting equation is the nonlinear diffusion equation which comes from a conservation law and reads,
oc d (. _oC
— = |p=]. 2
ot Ox ( Gx) @

If the diffusion coefficient D depends on parameter C, it will generally rely on x. So the case D(C[x, t]) is possible.

The diffusion coefficient may depend on certain physical quantities, and it may vary depending on which phase the
system is: gaseous, fluid, or solid phase. Considering the general dependence D = {(C)

aC ac\? »PC
i {(C)c - (5) +(C) - R (3)

At this point, we have to define the specific form of {(C); as a starting point we choose the most evident case, the
power law form:
J(Clx,t]) =a-C(x,H)"  where neR )

and the constant a has the role of fixing the dimension. (For simplicity, we fix its numerical value to unity.) We apply
the self-similar Ansatz

Cx.1) = f"f(t%) = L), ®)

where f(n) is the shape function with the reduced variable 7, the two self-similar exponents « and S are responsible
for the decay and spreading of the solutions if both have non-negative values. In the last decade, we generalized this
kind of Ansatz to multiple spatial dimensions and applied it to the Rayleigh-Bénard convection problems [9, 10] or to
the heated boundary layer equations [11].

After performing the usual algebraic manipulations we get the nonlinear ordinary differential equation (ODE) of

1-2
a(— [Tﬁ}f(n) —ﬁnf(n)’) =nf" 2111 (6)

with the next constraint
—1 = —na - 28, (7

or @ = (1 —2B)/n. One of the self-similar and power law exponents remains free, drastically increasing the space for
solutions. Different cases must be separated.
We may start with the case of 8 = 0, which gives us an implicit solution of

f0) na**(2 + n)
f N

+ da—n—-c, =0. ®)
V-na* (2 + n)(2a2 — c)

It turned out, after some algebra, that if all four parameters of the integral a, n, ¢y, ¢, are arbitrary rational num-
bers, there is a definite solution which can be expressed with the , F'{ () hypergeometric function [12]

(n(n +2)f ()" 1 - —2f(cnl)2+") X

1 1+n 1+n 2f(m*"
Fil=, 1+ ; X
2 1(2 2+n 2+n C1

-1

((1 Qa2 R el -
n—c;=0.

©))

We have yet to find such a solution in the literature on the nonlinear diffusion equation listed above.
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FIGURE 1. The solution of Eq. (10). The used parameter sets ¢, ¢, for the red and green lines are (1, 2), and (-2, 5), respectively.

An in-depth analysis of the formula is ongoing. For other parameters like, 5 = —1 and n = —1 the solution
becomes much simpler
2

]
S = (10)

-1 +cin)+ c%czecl’l’

Figure 1 shows two shape functions of for different parameter sets. Note that the shape functions are zero for n — oo,
which is physically desirable. For completeness figure (2) presents the C(x, 7) total solution in the form of:

1 2
Clx, 1) = - ‘ — | (11)
I\ —(1 + c1p(x/t) + c%czeT

C

It is clear to see that the solution goes to zero at asymptotically large temporal and spatial coordinates. Further
work is being done to understand all the details.

Summery and Outlook

In this study, we examined a highly nonlinear diffusion equation, where the diffusion constant—more accurately
described as a concentration-dependent parameter—varies directly with the concentration of the diffusing substance.
This departure from traditional diffusion models introduces significant complexity to the analysis. To address this,
we employed a self-similar trial function. This powerful mathematical technique simplifies the system’s behavior by
reducing the partial differential equation to an ordinary one. This approach proved particularly effective for cases
where the diffusion coefficient follows a power-law dependence on concentration.

Through this method, we discovered a physically relevant analytic solution that exhibits power-law decay char-
acteristics as time tends toward infinity. These long-term behaviors suggest that the system stabilizes predictably, gov-
erned by the nonlinear interactions between the concentration and the diffusion parameter. The solution we derived
not only enhances our understanding of such nonlinear diffusion processes but also provides valuable insights into
their real-world applications, particularly in areas such as material science, chemical engineering, and environmental
science, where diffusion with concentration dependence plays a crucial role.
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FIGURE 2. The solution of Eq. (11), the presented C(x,¢) function is for @« = 1,8 = 1,¢; = 15,¢, = 0.7, parameter set,
respectively.

Furthermore, due to the intricate relationship between the free parameters involved in the system (as illustrated
in Eq. 7), there is the potential to uncover additional analytic solutions by exploring different parameter spaces. These
solutions could offer new perspectives on nonlinear diffusion behaviors and expand the range of phenomena that can
be modeled using this framework. As a result, ongoing work is focused on further exploring these possibilities to
derive new, physically meaningful solutions that could enhance both theoretical models and practical applications of
diffusion processes.

In the future - as a natural generalization - we plan to investigate reactions diffusion equations which are diffusion
equations with extra source terms on the right hand side.
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