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Chapter 16

SELF-SIMILAR ANALYSIS
OF VARIOUS NAVIER-STOKES EQUATIONS
IN TWO OR THREE DIMENSIONS

I. F. Barna
Wigner Research Center of the Hungarian Academy of Sciences,
Plasma Physics Department, Budapest, Hungary

Abstract

In the following chapter we will shortly introduce the self-similar Ansatz as a power-
ful tool to attack various non-linear partial differential equations and find - physically
relevant - dispersive solutions. Later, we classify the Navier-Stokes (NS) equations
into four subsets, like Newtonian, non-Newtonian, compressible and incompressible.
This classification is arbitrary, however helps us to get an overview about the structure
of various viscous fluid equations. We present our analytic solutions for three of these
classes. The relevance of the solutions are emphasized. Lastly, we present an interest-
ing system the Oberbeck-Boussinesq system where the two dimensional NS equation
is coupled to heat conduction. This system pioneered the way to chaos studies about
half a century ago. Of course, the self-similar solution is presented which helps us to
enlighten the formation of the Rayleigh-Bénard convection cells.

PACS: 47.10.ad

1. Introduction

There are no existing methods which could help us to solve non-linear partial differen-
tial equations (PDE) in general. However, two basic linear and time-dependent PDE exist
which could help us. The first is the hyperbolic second order wave equation, in one dimen-
sion the well-known form is u,, — C%utt where the subscripts mean the partial derivation, c
is the wave propagation velocity (always a finite value), and u is the physical quantity which
propagates. Traveling waves - in both directions - are the general solutions of this problem
with the form of u(z £ ct). This is a more-or-less common knowledge in the theoretical
physics community. A detailed study where traveling waves are used to solve various PDEs
is [1].
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276 I. F. Barna

The other most important linear PDE is the diffusion or heat conduction equation. In
one dimension it reads u; = auy, Where a is the diffusion or heat conduction coefficient
should be a positive real number. The well-known solution is the Gaussian curve which
describes the decay and spreading of the initial particle or heat distribution. There is a rig-
orous mathematical theorem - the strong maximum principle - which states that the solution
of the diffusion equation is bounded from above. The problem of this equation is the infinite
signal propagation speed, which basically means that the Gaussian curve has no compact
support, but that is not a relevant question now. The main point - which is the major mo-
tivation of this chapter - is that there exist a natural Ansatz (or trial function) which solves
this equation. Namely, the self-similar solution, from basic textbooks the one-dimensional
form is well-known [2, 3, 4]

T(e,t)=17f (5) =17 (), ()

where T'(z, t) can be an arbitrary variable of a PDE and ¢ means time and = means spatial
dependence. The similarity exponents « and 3 are of primary physical importance since «
gives the rate of decay of the magnitude 7'(z, t), while (3 is the rate of spread (or contraction
if 8 < 0) of the space distribution as time goes on. The most powerful result of this Ansatz
is the fundamental or Gaussian solution of the Fourier heat conduction equation (or for
Fick’s diffusion equation) with &« = (3 = 1/2. These solutions are visualized in Figure 1.
for different time-points £; < to. Applicability of this Ansatz is quite wide and comes up in
various transport systems [2, 3, 4, 5, 6, 7]. Solutions with integer exponents are called self-
similar solutions of the first kind (and sometimes can be obtained from dimensional analysis
of the problem as well). The above given Ansatz can be generalized considering real and
continuous functions a(t) and b(t) instead of t* and 8. This transformation is based on the
assumption that a self-similar solution exists, i.e., every physical parameter preserves its
shape during the expansion. Self-similar solutions usually describe the asymptotic behavior
of an unbounded or a far-field problem; the time t and the space coordinate x appear only
in the combination of f(x/t”). It means that the existence of self-similar variables implies
the lack of characteristic length and time scales. These solutions are usually not unique
and do not take into account the initial stage of the physical expansion process. These
kind of solutions describe the intermediate asymptotic of a problem: they hold when the
precise initial conditions are no longer important, but before the system has reached its
final steady state. For some systems it can be shown that the self-similar solution fulfills
the source type (Dirac delta) initial condition, but not in every case. These Ansitze are
much simpler than the full solutions of the PDE and so easier to understand and study
in different regions of parameter space. A final reason for studying them is that they are
solutions of a system of ordinary differential equations and hence do not suffer the extra
inherent numerical problems of the full partial differential equations. In some cases self-
similar solutions helps to understand diffusion-like properties or the existence of compact
supports of the solution.

Finally, it is important to emphasize that the self-similar Ansatz has an important but
not well-known and not rigorous connection to phase transitions and critical phenomena.
Namely to scaling, universality and renormalization. As far as we know even genuine
pioneers of critical phenomena like Stanley [8] cannot undertake to give a rigorous clear-cut
definitions for all these conceptions, but we fell that all have a common root. The starting
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Self-Similar Analysis of Various Navier-Stokes Equations ... 277

point could be the generalized homogeneous function like the Gibbs potential Gs(H, ¢) for
a spin system. Close to the critical point the scaling hypothesis can be expressed via the
following mathematical rule G4(A\*H, \’) = AGs(H, ¢). Where H is the order parameter
the magnetic field and e is the reduced temperature, a, b are the critical exponents. The
same exponents mean the same universality classes. The equation gives the definition of
homogeneous functions. Empirically, one finds that all systems in nature belong to one of
a comparatively small number of such universality classes. The scaling hypothesis predicts
that all the curves of this family M (H, €) can be collapse” onto a single curve provided one
plots not M versus e but rather a scaled M (M divided by H to some power) vs a scaled € (e
divided by H to some different power). The renormalization approach to critical phenomena
leads to scaling. In renormalization the exponent is called the scaling exponent. We hope
that this small turn-out helps th reader to a much better understanding of our approach.

After this successful physical interpretation of this solution we may try to apply it to
any kind of PDE system which has some dissipative property (all the NS equations are so)
and look what kind of results we get.

Unfortunately, there is no direct analytic calculation with the 3 dimensional self-similar
generalization of this Ansatz in the literature. Now we show how this generalization is
possible and what does it geometrically means.

Figure 1. A self-similar solution of Eq. (1) for £; < #2. The presented curves are Gaussians
for regular heat conduction.

This Ansatz can be generalized for two or three dimensions in various ways one is the
following

w(z,y, 2, 1) = £ <w> =t <%> =W @)

where F'(z,y, z) can be understood as an implicit parameterization of a two dimensional
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278 I. F. Barna

surface. If the function F'(x,y, z) = = + y + z = 0 which is presented in Figure 2. then it
is an implicit form of a plane in three dimensions. At this point we can give a geometrical
interpretation of the Ansatz. Note that the dimension of F'(x, y, z) still have to be a spatial
coordinate. Taking the following incompressible NS equation as an example, with this
Ansatz we consider all the x coordinate of the velocity field vx = u where the sum of the
spatial coordinates are on a plane on the same footing. We are not considering all the R>
velocity field but a plane of the v, coordinates as an independent variable. The NS equation
- which is responsible for the dynamics - maps this kind of velocities which are on a surface
to another geometry. In this sense we can investigate the dynamical properties of the NS
equation truly. In principle there are more possible generalization of the Ansatz available.

Figure 2. The graph of the x + y 4+ 2 = 0 plane.

One is the following:

gzt = £ f (W e ) = () ®)

which can be interpreted as an Euclidean vector norm or L? norm. Now we contract all
the x coordinate of the velocity field « (which are on a surface of a sphere with radius a)
to a simple spatial coordinate. Unfortunately, if we consider the first and second spatial
derivatives and plug them into the NS equation we cannot get a pure 1 dependent ordi-
nary differential equation(ODE) system some explicit z, y, z or ¢ dependence tenaciously
remain. For a telegraph-type heat conduction equation (where is no vVvterm) both of
these Ansitze are useful to get solutions for the two dimensional case [7].

Lastly, in the introduction we present a table which classifies the viscous fluid equations
- this alignment is arbitrary - however it gives a better and more compact view into the
fascinating world of NS equations. The three fields which are marked with *X’ will be
analyzed in details in the following. The fourth group of NS equations is out of our recent
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Self-Similar Analysis of Various Navier-Stokes Equations ... 279

Table 1. A classification of various NS equations

type Newtonian | non-Newtonian
incompressible X X
compressible X -

scope. At first we are not sure how to define it in a consistent way. Secondly, this system
would be far too complex to analyse with the self-similar trial function.

2. Incompressible Newtonian Fluids

In Cartesian coordinates and Eulerian description the NS and the continuity equations
are the following:

Vv =0,
Vp
vi+ (vV)v=vAv - —+a 4)
p

where v, p, p, v, a denote respectively the three-dimensional velocity field, density,
pressure, kinematic viscosity and an external force (like gravitation). (To avoid fur-
ther misunderstanding we use a for external field instead of the letter g which is re-
served for a self-similar shape function.) From now on p, v, a are physical parameters
of the flow. For a better transparency we use the coordinate notation for the velocity
v(z,y,z,t) = u(z,y, 2, t),v(x,y, 2,t), w(x,y, z,t) and for the scalar pressure variable
p(l‘, Y, =, t)

Uy + vy +w, =0,
U + Wy + VUy + WUy = V(Ugy + Uy + Usz) — &,

U + uvy + vy + WUy = V(U + Uy + Vsz) — %’

Wy + Wy + vWy + WW, = V(Way + Wyy + W) — % + a. 5)

The subscripts mean partial derivations. According to our best knowledge there are no an-
alytic solution for the three dimensional most general case. However, there are numerous
examination techniques available in the literature. Manwai [9] studied the N-dimensional
(N > 1) radial Navier-Stokes equation with different kind of viscosity and pressure de-
pendences and presented analytical blow up solutions. His works are still 1+1 dimensional
(one spatial and one time dimension) investigations. Later, in a book the stability and blow
up phenomena of various isentropic Euler-Poisson, Navier-Stokes-Poisson, Navier-Stokes,
Euler equations were examined [10]. Another popular and well established investigation
method is based on Lie algebra there are numerous studies available. Some of them are
even for the three dimensional case, for more details see [11]. Unfortunately, no explicit
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280 I. F. Barna

solutions are shown and analyzed there. Fushchich et al. [12] constructed a complete set of
G (1, 3)-inequivalent Ansitze of co-dimension one for the NS system, they present nineteen
different analytical solutions for one or two space dimensions. They last solution is very
closed to our one but not identical, we will come back to these results later. Further two and
three dimensional studies based on other group analytical method were presented by Grassi
[13]. They also present solutions which look almost the same as ours, but they consider
only two space dimensions. We will compare these results to our one at the end of this
section.

Some years ago, Hu et al. [14] presents a study where symmetry reductions and exact
solutions of the (2+1)-dimensional NS were presented. Aristov and Polyanin [15] use vari-
ous methods like generalized separation of variables, Crocco transformation or the method
of functional separation of variables for the NS and present large number of new classes
of exact solutions. Sedov in his classical work [2] (Page 120) presented analytic solutions
for the tree dimensional spherical NS equation where all three velocity components and
the pressure have polar angle dependence (6) only. Even this restricted symmetry led to a
non-linear coupled ordinary differential equation system with has a very nice mathematical
structure.

Now we concentrate on the first Ansatz (2) and search the solution of the NS PDE
system in the following form:

w(z,y, 2 t) = 0 f <%> L @y, st =t <M> ,

w(z,y,z,t) =t °h <%> , plz,yy,z,t) =t7" <7 (6)
Where all the exponents «, 3,7, J, €, (,n, 0 are real numbers. (Solutions with integer ex-
ponents are called self-similar solutions of the first kind and non-integer exponents mean
self-similar solutions of the second kind.) The functions f, g, h, [ are arbitrary and will be
evaluated later on. According to the NS system we need to calculate all the first time deriva-
tives of the velocity field, all the first and second spatial derivatives of the velocity fields
and the first spatial derivatives of the pressure. We skip these trivial calculations here. Note
that both Eq. (5) and Eq. (6) have a large degree of exchange symmetry in the coordinates
x,y and z. We want to get an ODE system for all the four functions f(w), g(w), h(w), l(w)
which all have to have the same argument w. This dictates the constraintthat 5 =6 = ( = 0
have to be the same real number which reduces the number of free parameters, (let’s use the
( from now on w = %) From this constrain follows thate.q. u, = {;(fr"g R vy = {;(fg
where prime means derivation with respect to w. This example clearly shows the hidden
symmetry of this construction which may helps us. For the better transparency we present
the second equation of (5) after the substitution of the Ansatz (6)

—at ! f(w) = BT (w)w + 2P f(w) f(w) + T P g(w) f(w) +
W)

W) f (@) = 3 @) -

(M

To have an ODE which only depends on w (which is now the new variable instead of
time t and the radial components) all the time dependences e.g. ¢~ have to be zero OR all
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Self-Similar Analysis of Various Navier-Stokes Equations ... 281

the exponents have to have the same numerical value. After some algebraic manipulation
it becomes clear that all the six exponents o« — ( included for the velocity field (the first
three functions in Eq. (6)) have to be +1/2. The only exception is the term with the
gradient of the pressure. There » = 1 and § = 1/2 have to be. Now in Eq. (7) each
term is multiplied by t=3/2. Self-similar exponents with the value of +1/2 are well-known
from the regular Fourier heat conduction (or for the Fick’s diffusion) equation and gives
back the fundamental solution which is the usual Gaussian function. This is a fundamental
knowledge, that NS is a kind of diffusion equation for the velocity field. For pressure the
1 = 1 exponent means, a two times quicker decay rate of the magnitude than for the velocity
field.

T 1
-0,5 0,5

) function forc = 1,and v = 0.1.
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282 I. F. Barna

Figure 5. The implicit plot of the self-similar solution Eq. (15). Only the KummerU
function is presented fort = 1,¢; = 1,c0 =0,a =0,c=1,and v = 0.1.

The corresponding coupled ODE system is
flw)+g' W+ (w) = 0

~30) = 30l @)+ [[@) + ) + B @) = 3s"w) - 2,
—59(0) = 30©) + () + 9(0) + M) = Bng(w) - 2,
—%h(w) - %wh’(w) @)+ (@) 4 A (W) = 3uh"(w) — S L @)
From the first (continuity) equation we automatically get
fWw)+gw)+h(w)=c, and f'(w)+g"(w)+hr"(w)=0 )

where c is proportional with the constant mass flow rate. Implicitly, larger ¢ means larger
velocities. After some algebraic manipulation of all the three NS equations we get the final
equation

91/f”(w)—3(w+c)f’(w)+gf(w)—g—i—a:O. (10)

The solutions are the Kummer functions [16]

_ 11 (wte)? 11 (whe)? c  2a
flwy=a KummerU( 3 6 )—l—cz KummerM( 3 6 +§ 3 (11

where ¢; and cs are integration constants. The KummerM function is defined by the fol-
lowing series

(a)22? (a)n2"

az
M(a,b,z) =14+ — 12
(a.0.2) =14 -+ o T o (12)
where (a),, is the Pochhammer symbol
(@) =ala+1)(a+2)...(a+n—1),(a)o=1. (13)
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The KummerU function can be defined from the KummerM function via the following form

T M (a,b, z) —pM(1+a—0,2-0,%)
sin(mb) |[TL+a—bI{d) - T(a)T(2 - b)

U(a,b,z) = (14)
where I'() is the Gamma function. Exhausted mathematical properties of the Kummer
function can be found in [16].

Note, that the solution depends only on two parameters where the v is the viscosity,
and c is proportional with the mass flow rate. Figure 3 and Figure 4 show the KummerM
and KummerU function for ¢ = 1 and v = 0.1, respectively. For stability analysis we
note that the power series which is applied to calculate the Kummer functions has a pure
convergence and a 30 digit accuracy was needed to plot the KummerU function, otherwise
spurious oscillations occurred on the figure. (Here we note, that the Malpe 12 Software
was used during our analysis.) Note, that for w = 6.5 the KummerM goes to infinity,
and w — oo KummerU function goes to oo which is physically hard to understand, which

means that the velocity field goes to infinity as well.
The complete self-similar solution of the x coordinate of the velocity reads

_ 1/2 2
u(x,y,z,t) = t 71/2f(w):t71/2 c1 - KummerU (—1 1 (+y+2)/t 7" +c) )} +

472’ 6v
1/2 11 ((z4y+2)/tY%+c)? c  2a
t Y2 ey - KummerM - =, +--—=1. (15
4’2 6v 3 3

In Figure 5 an implicit plot of Eq. (15) is visualized. The KummerU function was presented
only, the used parameters are the followingc; = 1,co = 0,t =1,¢=1,v =0.1,a = 0.
Note, that the initial flat surface of Figure 2 is mapped into a complicated topological sur-
face via the NS dynamical equation. The following phenomena happened, an implicit func-
tion is presented, we already mentioned that all the = + y + 2z = 0 points considered to be
the same. Therefore we got a multi-valued surface because for a fixed x numerical value
various y+z combinations give the same argument inside the Kummer functions. Unfortu-
nately, this effect is hard to visualize. This can be understand as a kind of fingerprint of a
turbulence-like phenomena which is still remained in the equation. An initial simple single-
valued plane surface is mapped into a very complicated multivalued surface. Note, that for
a larger value (now we presented KummerU() = 2 case) or for larger flow rate (c=1) the
surface got even more structure. Therefore, Figure 5 presents only a principle. At this point
we can also give statements about the stability of this solution, the solution the Kummer
functions are fine, but for larger flow values a more precise and precise calculation of the
solution surface is needed which means larger computational effort which is well known

from the application of the NS equation.
From the integrated continuity equation ( f = c—g— f) we automatically get an implicit
formula for the other two velocity components

_ 1/2 2
v(z,y, z,t)+ w (w7y727t):—t71/2 c1 - KummerU _1717((w+y+z)/t +¢) —
42 6v
1/2 2
t T2 {cz‘KummerM (—i,%, ((:r—l—y—i—zzj/t +c) )+§_2_a +C'(16)

For explicit formulas of the next velocity component the following ODE has to integrated

") +9'@) (-2 4 ) = Ly m(), S s =0 am)
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284 I. F. Barna

where F'(f”(w), f'(w), f(w)) contains the combination of the first and second derivatives
of the Kummer functions. This is a second order linear ODE and the solution can be ob-
tained with the following general quadrature

» / 1+ [ F(f" (@), (@), f()dw - ep (22242

o dw| x (18)

gw) =

9
exp <W> . (19)

There are additional recursion formulas which help to express the first and second deriva-
tives of the KummerU functions. Such technical details can be found in the original pub-
lication [17]. Unfortunately, we could not find any closed form for v(z,y, z,t) and for
w(z,y, z,t). Only v the x coordinate of the velocity v field can be evaluated in a closed
form in this manner. To overcome this problem, we may call symmetry considerations. The
continuity equation states that the sum of all the three velocity component should give a
constant. Therefore if every velocity component has the form of (11), we get a solution.

As we mentioned at the beginning there are analytic solutions available in the literature
which are very similar to our one. Fushchich et al. [12] present 19 different solutions for
the full three dimensional NS and continuity equation. (For a better understanding we used
the same notation here as well.) For the last (19.) solution they apply the following Ansatz
of

u(z,t) = M, v(y, z) = M + %, w(z,t) = M, p(t,z) = M (20)

Vit Vit Vit Vit
where w = z/+/t is the invariant variable. The obtained ODE is very similar to ours (8) .
Rw)+1 = 0
S U@) Tl @) +h@)f W) = ')

S(9(0) + 0 (@) + hw)g'®) = ¢"(w)
—%(h(w)+wh’(w))+h(w)h’(w)+l’(w) — ). 21

The solutions are

1@ = oo e | Go-op|w| -5 3 G- o?
3 1.3 5 11,3
o) = (o Ve |5 Go - 2| w| -5 3 5 Ge - o
hw) = —w+c
l(w) = §cw—w2+cl (22)

2

where w is the Whittaker function, ¢ and c; are integration constants. Note that the Whit-
taker and the Kummer functions are strongly related to each other [16]

w(k, 1, 2) = 671/2Z21/2+“Kumme7“M(1/2 +pu—r,142u,2). (23)
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More details can be found in the original work [12].
As a second comparison we show the results of [13]. They also have a modified form
of (29) which is the following

Uit + cUy + UaUry + UsUr, — v(Uryy + Uszz)
Ut + UaUsy + UsUs, + my — v(Usyy + Uszz) =
Usi + UsUsy + UsUs, + 7, — v(Usyy + Us,.) =
Uy + Uz, +c =

o O o O

(24)

where U;, i = 1..3 are the velocity components U;(y, z,t) and 7 is the pressure, ¢ stands
for constants, v is viscosity and additional subscripts mean derivations. After some trans-
formation they get a linear PDA as follows

Ult—l-klyUly—l- (O’— klz)Ulz —V(Ulyy+U1ZZ) =0 25)
it is convenient to look the solution in the form of
U = Y(y)T(2)D(1). (26)

Note, that they also consider the full 3 dimensional problem, but the velocity filed has a
restricted two dimensional(y,z) coordinate dependence. There are additional conditions but
the general solution can be presented

& = crexp(co)t
1 y? 1 3 92
Y = M| —cq, =, — M| = — -, —
C3 < 04,2>2V>+y05 <2 64’2’21/
1 22 1 3 22
T ~ M —, — M| = — -, — 27
<66> 2) 21/) + z <2 Cg, 2) 21/) ( )

where M is the KummerM function as was presented below. The exact solution in [13] (Eq.
4.10a-4.10c) contains more constants as presented here. It is not our goal to reproduce the
full calculation of [13] (which is not our work) we just want to give a guideline to their
solution vigorously emphasizing that our solution is very similar to the presented one. Note
that in both results the arguments of the KummerM function (11) and (27) are proportional
to the square of the radial component divided by the viscosity, additionally one of the pa-
rameters is 1/2. As a last word we just would like to say, (as this example clearly shows)
that the Lie algebra method is not the exhaustive method to find all the possible solutions
of a PDA.

It is possible that even this moderate result can give any simulating impetus to the
numerical investigation of the NS equation. Our solution can be used as a test case for
various numerical methods or commercial computer packages like Fluent or CFX.

3. Compressible Newtonian Fluids

To study the dynamics of viscous compressible fluids the compressible NS together
with the continuity equation have to be investigated. In Eulerian description in Cartesian
coordinates these equations are the following:
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pe +divlpv] = 0
plvi+ (vW)V] = nAv+ 2 graddivy - Vp+a (28)

where v, p, p, 1 2 and a denote respectively the three-dimensional velocity field, density,
pressure, kinematic viscosities and an external force (like gravitation) of the investigated
fluid. As before we use a for external field instead of the letter g which is reserved for a
self-similar solution. In the later we consider no external force, so a = 0. For physical
completeness we need an equation of state (EOS) to close the equations. We start with the
polytropic EOS p = kp", where « is a constant of proportionality to fix the dimension
and n is a free real parameter (n is usually less than 2). In astrophysics, the Lane - Emden
equation is a dimensionless form of the Poisson’s equation for the gravitational potential
of a Newtonian self-gravitating, spherically symmetric, polytropic fluid. It’s solution is the
polytropic EOS which we apply in the following. The question of more complex EOSs will
be concerned later. Now 14 2, a, k, n are parameters of the flow. To have a better overview
we use the coordinate notation v(z,y, z,t) = (u(x,y, 2,t),v(z,y, 2,t), w(z,y, 2,t)) and
for the scalar density variable p(z, y, 2, t) from now on. Having in mind the correct forms
of the mentioned complicated vector operations, the PDE system reads the following:

Pt + pott + pyv + p2w + plue + vy + w:] =0,

1] n—1
plus + vz + vuy + W] — V1 [Ugz + Uyy + uzz] — ?[uzz + Vay + Waz] + k0"~ pe =0,

2 n—1
plve + uve + vvy + woz] — Vifvas + vyy + vaz] — ?[uwy + vyy +wy:] + Knp" " py =0,
v n
plws + vwe 4+ vwy + ww.] — Vi [Wee + Wyy + W2z] — 32 [Ues + vy + wzz] + k0p" o = 0. (29)

The subscripts mean partial derivations as was defined earlier. Note, that the formula
for EOS is already applied.

There is no final and clear-cut existence and uniqueness theorem for the most general
non-compressible NS equation. However, large number of studies deal with the question
of existence and uniqueness theorem related to various viscous flow problems. Without
completeness we mention two works which (together with the references) give a transparent
overview about this field [18, 19].

According to our best knowledge there are no analytic solutions for the most general
three dimensional NS system even for non-compressible Newtonian fluids. Additional sim-
ilarity reduction studies are available from various authors as well [20, 21, 22]. A full three
dimensional Lie group analysis is available for the three dimensional Euler equation of gas
dynamics, with polytropic EOS [23] unfortunately without any kind of viscosity.

We use the above mentioned three dimensional Ansatz again. It can be easily shown
than even a more general plane, like az + by + dz + 1 = 0 makes the remaining ODE
system much more complicated. (The second term in the NS equation on the right hand
side (grad div v term) creates distinct a?, b2, ¢? terms which cannot be transformed out,
and a coupled system of three equations remain.)
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The Ansatz we apply is:

ol s =t f (TSR ) =g, utn) =gt

v(n) =t"h(n), w(n)=1t"*i(n), (30)

where all the exponents «, 3, d, €, w are real numbers as usual. The technical part of the
calculation is analogous as was shown above. To get a final ODE system which depends
only on the variable 7, the following universality relations have to be hold

2 2n —2

(5: = = —
n+1 & YT YT

a=p3= €1V
where n # —1. Note, that the self-similarity exponents are not fixed values thanks to the
existence of the polytropic EOS exponent n. (In other systems e.g. heat conduction or non-
compressible NS system, all the exponents have a fixed value, usually +1/2.) This means
that our self-similar Ansatz is valid for different kind of materials with different kind of
EOS. Different exponents represent different materials with different physical properties
which results different final ODEs with diverse mathematical properties.

At this point we have to mention that a NS equation even with a more complicated EOS
like p ~ f(p'v™) could have self-similar solutions. We may say in general, that EOSs
obtained from Taylor series expansion taking into account many term are problematic and
give contradictory relations among the exponents. The investigation of such problems will
be performed in the near future but not in the recent study.

Our goal is to analyze the asymptotic properties of Eq. (30) with the help of Eq. (31).
According to Eq. (1) the signs of the exponents automatically dictates the asymptotic be-
havior of the solution at sufficiently large time. All physical velocity components should
decay at large times for a viscous fluid without external energy source term. The role of o
and [ was explained after Eq. (1). Figure 6 shows the «(n) and §(n) functions. There are
five different regimes:

e n > 1 all exponents are positive - physically fully meaningful scenario - spreading
and decaying density and all speed components for large time - will be analyzed in
details for general n

e n = 1 spreading and decaying density in time and spreading but non-decaying ve-

locity field in time - not completely physical but the simplest mathematical case
e —1 < n <1 spreading and decaying density in time and and spreading and enhanc-

ing velocity in time - not a physical scenario
e n # —1 not allowed case

e n < —1 sharpening and enhancing density and sharpening and decaying velocity in
time, we consider it an non-physical scene and neglect further analysis.
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0

Figure 6. Eq. (31) dotted line is a(n) = 2/(n + 1) and solid lineis 6(n) =2 —4/(n+1).

The corresponding coupled ODE system is:

alf +fnl = flo+h+il+ flg' + 0+,
f[=8g — ang' + g¢' + hg' +ig] = N L %[g// F R+,
f[=6h —anh' 4+ gh’ + hh/ +ib/] = —knf*" L f + 30" + %[g" +h" +4"],
f[=6i —ani’ + gi' + hi' +ii'] = —rnf"Hf 4+ v + %[g" +h" + i"],(32)

where prime means derivation with respect to n. The continuity equation is a total derivative
if « = (3, therefore we can integrate getting afn = f[g+h+i]+co, where ¢ is proportional
to the mass flow rate. For the shake of clarity, we simplify the NS equation with introducing
a single viscosity ¥ = v; = 1v». There are still too many free parameters remain for the
general investigation.

We fix ¢p = 0. Having in mind that the density of a fluid should be positive f # 0, we
get an = g + h + ¢. With the help of the first and second derivatives of this formula Eq.
(32) can be reduced to the next non-linear first order ODE

dn —4
: 2>nf=0- (33)

n—1 g/
=3knf"f 4+ <7(n—|— 0

Note, that it is a first order equation, so there is a conserved quantity which should be a kind
of general impulse in the parameter space 1. Note, that this equation has no contribution
from the viscous terms with v just from the pressure and from the convective terms. The
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general solution can be derived with quadrature

—1 2 — 1
fln) =37 <% +3c1> T (34)
Note, that for {n;n € Z\{—1}} exists n different solutions for n > 0 (one of them is
the f(n) = 0) and n — 1 different solutions for n < 0 these are the n or (n-1)th roots
of the expression. For {n : n € R\{—1}} there is one real solution. It is remarkable,
that for fixed s, c; > 0 when n and 7 tend to infinity, the limit of Eq. (34) tends to zero.
This meets our physical intuition for a viscous flow, we get back solutions which have an
asymptotic decay. (In the limiting case n = 1 (which means the 6 = 0) we get back
the trivial result f = const. which is irrelevant.) For the n = 2, the least radical case
f(n) =n?/(27k) + c1 which is a quadratic function in 7 however, the full density function
p=t"23(x 4y + 2)2/t*3] = (x 4+ y + 2)?/t* has a proper time decay for large times.
This is consistent with our physical picture.

All the three velocity field components can be derived independently from the last three
Eqs. (32). For the v = t~°g(n) the ODE reads:

2n — 2 _
—3Vg”+<n+1>gf—fmf” Ly =o. (35)

Unfortunately, there is no solution for general n in a closed form. However, for n = 2 the
solutions can be given inserting f(n) = 7%/(27x) into Eq. (35). These are the Whittaker
W and Whittaker M functions [16]

& V2n? 9 V2n? 2
=M MLV L 2w e [ )+ 2 36
9= g ey (9\/ﬁ T ez \ogs ) T3 (36)

where ¢; and ¢ are integration constants. The M is the irregular and the W is the regular
Whittaker function, respectively. These functions can be expressed with the help of the
Kummer’s confluent hypergeometric functions M and U in general (for details see [16])

My, (z) = e 22N (1 — N 41/2,1 + 2u; 2);
Wi u(z) = e #2020 (1 — X4 1/2,1 4 245 2). (37)

Is some special cases when x = v//2 the Whittaker functions can formally be expanded with
other functions (e.g. Bessel, Err) when {c; : ¢; € N\{—2, —4}}. It is easy to show with
the help of asymptotic forms that the velocity field v ~ t=/3[MorW (-, -; t=*/3)] decays
for sufficiently large time which is a physical property of a viscous fluid. (It is worthwhile
to mention, we found additional closed solutions only for n = 1/2 and for n = 3/2 from
Eq. (33,35) for the density and velocity field which contain the HeunT functions, in a
confusingly complicated expression.)

Now we compare our recent results to the former non-compressible ones. In the non-
compressible case of the three dimensional NS equation, all the exponents have the 1/2
value - like in the regular diffusion equation - except the decaying exponent of the pres-
sure field which is 1. For non-compressible fluids the x component of the velocity field is
described with the help of the Kummer functions

o 11 (n+c)? 11 (n+c)? c  2a
9(”)_01[]( 12 o )teMitry T ) t3T 3 G¥
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where c¢; and ¢y are the usual integration constants. The viscosity is v the external field is
a and the c is the non-zero integration constant from the continuity equation - which can be
set to zero. Additional properties of this formula was analyzed in our last study[7] in depth.

Figure 7 compares the regular parts of the solutions of Eq. (36) and Eq. (38) with the
same viscosity value v = 0.1 and for ¢; = 1,¢9 = 1,¢; = 0. The compressible param-
eters are K = 1 and n = 2. Note that the shape function of velocity of the compressible
flow has a maximum and a quick decay, the incompressible velocity shape function has no
decay. However, these are the reduced one dimensional shape functions, and the total thee
dimensional velocity fields have proper time decay for large time as it should be. The ¢; in
the Whittaker function cannot be negative because it comes from the density equation. If it
is zero or any other positive number plays no difference in the form of the shape function.

Figure 8 presents how the regular part of the solution Eq. (36) depends on the com-
pressibility for a given value of viscosity. Note, the higher the compressibility the lower the
maximum of the top speed of the system.

As a second case study Figure 9 presents how the regular part of the solution Eq. (36)
depends on the viscosity for a given value of compressibility. Higher the viscosity the
higher the maximal reached speed and the range of the system. In our investigation the role
of the two viscosities cannot be separated from each other therefore this effect cannot be
seen more clearly.

Note, that Eq. (36) is not a direct limit of Eq. (38) just a very similar one. More
technical details of the calculations can be found in [24].

2,59

Y, 7N
N 2N

Figure 7. Comparison of the regular solutions for the non-compressible (solid line) Eq. (38)
and the compressible case(dashed line) Eq. (36). The viscosities have the same numerical
value p = 0.1.
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Reg[gm)]

Figure 8. The compressibility dependence of the regular solution of Eq. (36) for n = 2 and
for v = 0.1 viscosity. The solid line is for k = 0.1 the dotted line is for k = 1 and the
dashed lineis fork = 2.

06 -

0,5

0,43
Reg[g(m)]

0,3

0,2

0,1

Figure 9. The viscosity dependence of the regular solution of Eq. (36) for n = 2 and
x = 1. The solid line is for v = 0.05 the dotted line is for v = 0.1 and the dashed line is
forv = 0.5.

4. Incompressible Non-Newtonian Fluid

Dynamical analysis of viscous fluids is a never-ending crucial problem. A large part
of real fluids do not strictly follow Newtons law and are aptly called non-Newtonian flu-
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ids. In most cases, fluids can be described by more complicated governing rules, which
means that the viscosity has some additional density, velocity or temperature dependence
or even all of them. General introductions to the physics of non-Newtonian fluid can be
found in [25, 26]. In the following, we will examine the properties of a Ladyzenskaya
type non-Newtonian fluid [27, 28]. Additional temperature or density dependent viscosities
will not be considered in the recent study. There are some analytical studies available for
non-Newtonian flows in connections with the boundary layer theory, which shows some
similarity to our recent problem [29, 30]. The heat transfer in the boundary layer of a non-
Newtonian Ostwald-de Waele power law fluid was investigated with self-similar Ansatz in
details by [31, 32].

The Ladyzenskaya [27] model of non-Newtonian fluid dynamics can be formulated in
the general vectorial form of

8ui i 8ui p 81_‘”

T Mg — % T ox; TP
811]'
ox,
De
Ty = (o + | E(V)[") By (V)
De 1 8ui ou;
Ey(vu) % 5 <8—xj+ 8XZ > (39)

where p, u;, p, a;, to, (1, are the density, the two dimensional velocity field, the pressure,
the external force, the dynamical viscosity, the consistency index and the flow behavior in-
dex. The last one is a dimensionless parameter of the flow. The F;; is the Newtonian linear
stress tensor, where x(x,y) are the Cartesian coordinates. The usual Einstein summation is
used for the j subscript. In our next model, the exponent should be » > —1. This general
description incorporates the next five different fluid models:

Newtonian for po >0, 41 =0,
Rabinowitsch for o, 1 > 0,7 = 2,
Ellis for o, 1 > 0,7 > 0,
Ostwald-de Waele for o =0,u1 >0,7>—1,
Bingham for o, b1 > 0,7 = —1. 40)

For pig = 0if r < 0 then it is called a pseudo-plastic fluid, if » > 0 it is a dilatant fluid [26].
In pseudoplastic or shear thinning fluid the apparent viscosity decreases with increased
stress. Examples are: blood, some silicone oils, some silicone coatings, paper pulp in
water, nail polish, whipped cream, ketchup, molasses, syrups, latex paint, ice . For the
paper pulp the numerical Ostwald-de Waele parameters are p; = 0.418,r = —0.425 [26].
In shear thickening or dilatant fluid, the apparent viscosity increases with increased stress.
Typical examples are sand in water or suspensions of corn starch in water (sometimes called
oobleck). There are numerous videos available on most popular video sharing portal where
young people having fun with a pool full of oobleck .

The external force will be zero in our investigation a; = 0. In two dimensions, the
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absolute value of the stress tensor reads:
B = [u2 + vj + 1/2(uy + v2)*]'/?, 1)

where the u(u, v) coordinate notation is used from now on. (Note, that in three dimensions
the absolute value of the stress tensor would be much complicated containing six terms
instead of three.) Introducing the following compact notation

L=ypo+mlE|, (42)

our complete two dimensional NS system can be defined much shorter:

Uy + vy = 0,
L, L
U + Uy +vUy = —pa/p + Lauy + Lug, + 7(uy +vg) + E(uyy + VUgy),
L L
vy + uvy + Vv, = —py/p + Lyv, + Loy, + f(uy +v,) + E(vm +Ugy).  (43)

Every two dimensional flow problem can be reformulated with the help of the stream
function ¥ viau = ¥, and v = —W¥,, which automatically fulfills the continuity equation.
The system of (43) is now reduced to the following two PDEs

L
\I]yt + \I]y\I]yﬁ - \Ilﬁlllyy = _% + (L\Ilyx)x + |:§(\I]yy - \Ilﬁﬁ):|
)
_ Dy L
Vo — Wy Wy + W, Wy = —? + E(quy — V)| — (L\I/yx)y 44)
X
r/2

with L = po + p1 [292, + 1(T,, — 0,,)?]

Now, search the solution of this PDE system suchas: ¥ = ¢t~ f(n), p =t"“h(n), n =
xt—?, where all the exponents «, (3, 7y are real numbers.

Unfortunately, the constraints, which should fix the values of the exponents become
contradictory, therefore no unambiguous ODE can be formulated. This means that the new
PDE system with the stream function does not have self-similar solutions. In other words
the stream function has no diffusive property. This is a very instructive example of the
applicability of the trial function of (1).

Let’s return to the original system of (43) and use the trial function of

_|_
w=tfm),  v=tlgm),  p=tTh(n), n="73". @)

The next step is to determine the exponents. From the continuity equation we simple get
arbitrary § and § = « relations. The two NS dictate additional constraints. (We skip the
trivial case of pg # 0, ug = 0, which was examined in our former paper as the Newtonian
fluid. [17]) Finally, we get

po=0, i #0, a=56=(1+r)/2, B=(1-7)/2, e=r+1 (46)

Note, that r remains free, which describes various fluids with diverse physical properties,
this meets our expectations. For the Newtonian NS equation, there is no such free parameter
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and in our former investigation we got fixed exponents with a value of 1 /2. For a physically
relevant solutions, which is spreading and decaying in time all the exponents Eq. (46) have
to be positive determining the —1 < r < 1 range. This can be understood as a kind of
restricted Ostwald-de Waele-type fluid. After some algebraic manipulation a second order
non-autonomous non-linear ODE remains

(-
2

(1+7)
2

pa (L) f2f nf' + f=0, @7)
where prime means derivation with respect to 7). Note that for the numerical value r = 0 we
get back the ODE of the Newtonian NS equation for two dimensions. In three dimensions

the ODE reads:

3
Opof" = 3(n+)f' +5F ()= 5 +a=0. (48)

Its solutions are the Kummer functions [16]

2
f =c1- KummerU <—i % (776—;00) >+
11 (n+c)? ¢ 2a
K M=, 2 ¢ 4
ca - Kummer < 1’2 6 > + 373 (49)

where c; and c3 are integration constants, ¢ is the mass flow rate, and a is the external field.
These functions have no compact support. The corresponding velocity component however,
decays for large time like v ~ 1/t for ¢ — oo, which makes these results physically
reasonable. A detailed analysis of (49) was presented in [17].

Unfortunately, we found no integrating factor or analytic solution for (47) at arbitrary
values of 7. We mention that with using the symmetry properties of the Ansatz u,, =
Ugy = Uyy = —Upg = —Vzy = —Uyy the following closed form can be derived for the
pressure field

h=p(m2 P 4 fn— & f) + &, (50)

where ¢; and ¢y are the usual integration constants. The transition theorem states, that
a second order ODE is always equivalent to a first order ODE system. Let us substitute
f'=1f"=1,then

=1

yo— <(1;r)nl+ (1;r)f>/<m(1+r)2r/zlr>’ 51)

where prime still means derivation with respect to 7. This ODE system is still non-
autonomous and there is no general theory to investigate such phase portraits. We can
divide the second equation of (51) by the first one to get a new ODE, where the former
independent variable 17 becomes a free real parameter

dl (1—r) (1+47)

== ! (i1 +m2r2r+t). 52

7 <277+ 51 )/ (1l +r) (52)
Figure 10 shows the phase portrait diagram of (52) for water pulp the material parameters
are r = —0.425 and p; = 0.18. We consider = 0.03 as the “general time variable” to
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be positive as well. With the knowledge of the exponent range —1 < r < +1, two general
properties of the phase space can be understood by analyzing Eq. (52):

Firstly, the derivative df /dl is zero at zero nominator values, which means

l=—(1+47)/(1—r)f/n. This one is a straight line passing through the origin with
gradientof 0 < (1+7)/(1—r) < oo for —1 < r < +1. On Figure 10, the numerical value
of the gradient is —0.403/n = —13.5.

Secondly, the derivative df /dl or the direction field is not defined for any negative [
values because the power function [ ~("*+1) in the denominator is not defined for negative
[ arguments. It is not possible to extract a non-integer root from a negative number. The
denominator is always positive.

These properties dictate that there are two kinds of possible trajectories or solutions ex-
ist in the phase space. One type has a compact support, and the other has a finite range. We
may consider the x axis as the velocity f ~ v(n) and y axis as the f ~ a(n) acceleration
for a fixed scaled time n = const. It also means that the possible velocity and accelerations
for a general time cannot be independent from each other. The factors of the second deriva-
tive f” show some similarity to the porous media equation, where the diffusion coefficient
has also an exponent. This is the essential original responsibility for the solution with com-
pact support [34]. Additional numerical solutions of Eq. (47) obtained with the help of the
Briot-Bouquet theorem was presented at the end of [33].

— — — —
—_—

SN\

—

P N S NN N N
-
—

— -
nd———————————————————

=~~~ ~—

A ——

e —
-
i i
l—ee
l—

I ——

f
f
f
f
f
f
f
f
f
f
f
f
f
f
f
f
f
/

[ [
[ [ GG
[ S
i [ N N N

IR TN
=NV LR

— e ————

f
f
f
f
f
f
f
f
f
f
f
f
f
f
f
f
f
f
1

0 -5

Figure 10. The phase portrait of Eq. (52) for n = 0.03, = —0.425 and p; = 0.18. Two
different kind of trajectories are presented: one with compact support (solid line), and the
other one with compact range (dashed line).

Our main result is that the velocity field of the fluid - in contrast to our former Newtonian

result - has a compact support, which is the major difference. We can explain it with the
following everyday example: Let’s consider two pots in the kitchen, one is filled with water
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and the other is filled with chocolate cream. Start to stir both with a wooden spoon in the
middle, after a while the whole mass of the water becomes to move due to the Newtonian
viscosity, however the chocolate cream far from the spoon remains stopped even after a
long time.

5. Incompressible Newtonian Fluid with Heat Conduction

In the following we analyze the dynamics of a two-dimensional viscous fluid which
is coupled to heat conduction. Such systems were first investigated by Boussinesq [35]
and Oberbeck [36] in the nineteenth century. Oberbeck used a finite series expansion. He
developed a model to study the heat convection in fluids taking into account the flow of the
fluid as a result of temperature difference. He applied the model to the normal atmosphere.
More detailes of the Boussinesq approximation can be found our in original paper [37].

More than half a century later Saltzman [38] tried to solve the same model with the help
of Fourier series. At the same time Lorenz [39] analyzed the solutions with computers and
published the plot of a strange attractor which was a pioneering results and the advent the
studies of chaotic dynamical systems. The literature of chaotic dynamics became enormous,
however a modern basic introduction can be found in [40].

Later, till to the first beginning years of the millennium [39] Lorenz analyzed the fi-
nal first order chaotic ordinary differential equation(ODE) system with different numerical
methods. This ODE system becomes an emblematic object of chaotic systems and attracts
much interest till today [41].

On the other side critical studies came to light which go beyond the simplest truncated
Fourier series. Curry for example gives a transparent proof that the finite dimensional ap-
proximations have bounded solutions [42]. Musielak et al [43] in three papers analyzed
large number of truncated systems with different kinds and found chaotic and periodic so-
lutions as well.

In the next we apply a completely different investigation approach, the self-similar
Ansatz. We investigated one dimensional Euler equations with heat conduction as well
[33] which can be understood as the precursor of the recent study. To our knowledge this
kind of investigation method was not yet applied to the Oberbeck-Boussinesq (OB) system.
Our major result is that the temperature field shows a strongly damped single periodic oscil-
lation which can mimic the appearance of Rayleigh-Bénard convection cells. The question
how our results connected to general chaotic and turbulence conception like intermittency,
enstropy are discussed in our original study [37] as well.

The start with the original system of [38]

up + uty + wuy + Py — v (Ugy + uzy) =0,
Wy + uwy + ww, + P, — eGTy — v (wyy + w,,) =0,
T} +uT, +wT} — k(T +Th,) =0,
uz +w, =0, (53)
where u, w, denote respectively the x and z velocity coordinates, T is the temperature

difference relative to the average (T' = T — T,,) and P is the scaled pressure over the
density . The free physical parameters are v, e, G, x kinematic viscosity, coefficient of
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volume expansion, acceleration of gravitation and coefficient of thermal diffusivity. The
first two equations are the Navier-Stokes equations, the third one is the heat conduction
equation and the last one is the continuity equation all are for two spatial dimensions. The
Boussinesq approximation means the way how the heat conduction is coupled to the second
NS equation. Chandrasekhar [44] presented a wide-ranging discussion of the physics and
mathematics of Rayleigh-Benard convection along with many historical references.

Every two dimensional flow problem can be reformulated with the help of the stream
function ¥ viau = ¥, and v = —V¥, which automatically fulfills the continuity equation.
The subscripts mean partial derivations. After introducing dimensionless quantities the
system of (53) is reduced to the next two PDEs

(\I]xx + \I]zz)t + \I]x(‘l]xxz + \I]zzz) - \I}z(‘l]xxx + \I]zzx) -
U(ex - \I]xxxx - \I]zzzz - 2\I]xxzz) - 07
et + \I]xez - \I]zex - R\I]x - (exx + ezz) - 07 (54)

where © is the scaled temperature, o = v/« is the Prandtl Number and R = is
the Rayleigh number and H is the helght of the fluid. A detailed derivation of (54) can be
found in [38].

All the mentioned studies are investigated these two PDEs with the help of some trun-
cated Fourier series, different kind of truncations are available which result different ODE
systems. The derivation of the final non-linear ODE system from the PDE system can be
found in the original papers [38, 39]. Bergé et al. [45] contains a slightly different derivation
of the Lorenz model equations, and in addition, provides more details on how the dynamics
evolve as the reduced Rayleigh number changes. A detailed treatment of the Lorenz model
can be found in the book of Sparrow [46]. Hilborn [47] presents the idea of the whole
derivation in a transparent and clear way. Therefore, we skip this derivation.

Some truncations even violates energy conservation [41] and some not. Roy and Musil-
iak [43] in their exhausting three papers present various energy-conserving truncations.
Some of them contain higher horizontal modes, some of them contain higher vertical modes
and some of them both kind of modes in the truncations. All these models show different
features some of them are chaotic and some of them - in well-defined parameter regimes
- show periodic orbits in the projections of the phase space. This is somehow a true indi-
cation of the complex nature of the original flow problem. It is also clear that the Fourier
expansion method which is a two hundred year old routine tool for linear PDE:s fails for a
relevant non-linear PDE system.

We may investigate both dynamical systems, the original hydrodynamical (53) or the
other one (54) which is valid for the stream functions.

Similar to the former studies [38, 39] try to solve the PDEs for the dimensionless stream
and temperature functions in the form of

GeH3 ATy
KV

_ _ T+z
Unfortunately, after some algebra it becomes clear that the constraints which should fix
the values of the exponents become contradictory, therefore no unambiguous ODE can be

derived. This means that the PDE of the stream function and the dimensionless temperature
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do not have self-similar solutions. In other words these functions have no such a diffusive

property which could be investigated with the self-similar Ansats, which is a very instructive

example of the applicability of the trial function of (55). Our experience shows that, most of

the investigated PDEs have a self-similar ODE system and this is a remarkable exception.
Now investigate the original hydrodynamical system with the next Ansatz

u(n) =t"f(m), wln)=t"g(n), Pn) =t h(n), T"(n)=t"“I(n),  (56)

where the new variable is the usual n = (z + 2)/ t8. All the five exponents «, 3, 6, €, w are

404 ;

304

1(n)

20

-104

Figure 11. Different shape functions of the temperature Eq. (59) as a function of 7 for
different thermal diffusivity. The integration constants are ¢c; = co = 1 the same for all the
three curves. The solid the dashed and the dotted lines are for k = 1, 2, 5, respectively.

real numbers. The f, g, h, [ objects are the shape functions of the corresponding dynamical
variables.

After some algebraic manipulations the following constrains are fixed among the self-
similarity exponents : @« = § = = 1/2, ¢ = 1 and w = 3/2 which are called the
universality relations. Note, that all exponents have a fixed numerical value which simpli-
fies the structure of the solutions. There is no free exponential parameter in the original
dynamical system, like an exponent in a EOS for the compressible NS system.

These universality relations dictate the corresponding coupled ODE system which is
the following

[ f'n

—5—7+ff/+gf/+h’—2uf" = 0,
/
—g—%—l—fg/—l—gg/—i—h/—eGl—ng” = 0,
I
—%—7”+fz’+gz’—2ﬁz” = 0,
f'+4 = o. (57)
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Figure 12. Different shape functions of the pressure Eq. (62) as a function of n for different
thermal diffusivity. The integration constants are taken c¢; = co = 1 for all the three curves.
We fixed the value of eG = 1 as well. The solid, the dashed and the dotted lines are for
x = 1,2, 5 numerical values, respectively.

From continuity equation we automatically get the f+¢g = cand f”+¢” = 0 conditions
which are necessary for the solutions. For the shake of simplicity we consider the ¢ = 0
case in the following. If ¢ # 0 then the Eq. (58) is slightly modified and the results are
the KummerM and KummerU functions, but the shape of the functions remains the same
which is crucial for the forthcoming analysis. After some algebraic manipulation the next
single ODE for the shape function of the temperature distribution can be separated

I'n 3l

21" + — + = = 0. 58
m+2+2 0 (58)

After a quadrature the solution is

l=c [4erfi (%) V2r <f€— %2> 7£ + 4v/kn

where ci, co are the usual free integration constants. The erfi means the imaginary er-
ror function defined via the integral 2/\/7 [ exp(2?)da for more details see [16]. It is
interesting, that the temperature distribution is separated from the other three dynamical
variables an does not depend on the viscosity coefficients as well. We may say, that among
the solution obtained from the self-similar Ansazt the temperature has the highest priority
and this quantity defines the pressure and the velocity field. That is a remarkable feature.
In a former study, where the one-dimensional Euler system was investigated with heat con-
duction [48] we found the opposite property, the density and the velocity field were much
simpler than the temperature field. Figure 11 presents different shape functions of the tem-
perature for different thermal diffusivity values. The first message is clear, the larger the
thermal diffusivity the larger the shape function of the temperature distribution. A detailed
analysis of Eq. (59) shows that for any reasonable x and c values the main property of

2
+ czefg_N (4k — 772) (59)
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the function is not changing - has one global maximum and minimum with a strong decay
for large ns. A second remarkable feature is the single oscillation which is not a typical
behavior for self-similar solutions. We investigated numerous non-linear PDE systems till
today [17, 24, 33, 48] some of them are even not hydrodynamical [6, 49] and never found
such a property. This analysis clearly shows that at least the temperature distribution in this
physical system has a single-period anharmonic oscillation.

For a fixed time value ”’t” and a well-chosen coordinate the difference of values
of n = (z + 2)/tP yields a minima and a maxima corresponds to that Az at which the
temperature (and density) fluctuation may start the Rayleig-Bénard convection. We will see
later that with the same consideration (when time and z coordinate are fixed) the velocity
components u and w are different at these x coordinate points therefore the inhomogenity
is present which start the rotation of the Rayleig-Bénard cell. This is the main result of the
recent study.

To go a step further we may calculate the Fourier transform of the shape function, Eq.
(59) I(n) it we consider 7 as a generalized time dependence we may get the generalized
spectral distribution. (An analytic expression for the Fourier transform is available, which
we skip now.) The first term (which is proportion to ¢;) becomes a complex function,
however the general overall shape remains the same, a single-period anharmonic oscillation
with a global minimum and maximum like on Figure 11. Of course, the zero transition of
the function depends on the value of . The second term of the Fourier transformed function

which is proportional to cs remains a Gaussian which is not interesting.
For completeness we give the full two dimensional temperature field as follows

-~ _3/2 S z+z C(z+2)?) - zt2)? 4\/—(x—|— 2)
Ti(z,z,t) = 1 t |:4€’I“fl (74(“)1/2) V2w (Ii g e 8 ——ir

T z 2 2
R (4H_ (rt2) ) (60)

” ”

The shape function of the pressure field can be obtained from the temperature shape func-
tion via the following equation

l
h = % 61)
with a similar solution to (59)
[2&\/ meG - er fi (%) ne 8 + co2eGrne” & —l— c3, (62)

this can be understood that the derivative of the pressure is proportional to the temperature
(Figure 12). With the known numerical value of the exponent € = 1 the scaled pressure field
can be expressed as well P(z, z,t) = t~'h([z + 2]/t~'/2). Note, the difference between
the w and the e exponents, which are responsible for the different asymptotic decays. The
temperature field has a stronger damping for large 7 than the pressure field. (It is worth to
mention that for the three dimensional NS equation, without any heat exchange the decay
exponent of the pressure term is also different to the velocity field [17]. )
At last the ODE for the shape function of the velocity component z reads

4vg" + gn+ g+ eGl =0 (63)
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Figure 13. The shape functions of the z velocity field g(7) Eq. (65) as a function of n. The
solid line is the real and the dotted is the complex part. All the integration constants are
taken ¢; = ¢3 = cg = 1. The physical constanteG = 1 as well. The xk = 0.04 and v = 0.8.

which directly depends on the temperature on /(7)) and all the physical parameters v, e, G, K,
of course. In contrast to the pressure and temperature field there is no closed solutions
available for a general parameter set. The formal, most general solution is

dn}

2 2 2 2
g = 52675}7 +ef?3]7 {/ 4i {( — 4eGreane” ?3]7 — 4eGrV2mcirerfi (\/—77) ne 8~) 6?3]7
v
(64)

\/—
where ¢; and ¢s are the recent integration constants. Note, that the integral can be analyti-
cally evaluated if and only if ¥ = x which is a great restriction to the physical system. We
skip this solution now. The other way is to fix ¢; = 0 and let x and p free. The solution has
the next form of

2
2 2 2 deGeyrle” 8n
P (L /__> ot deGowe S ©5)
4 1% K—V

Note, that now the v # « condition is obtained. The ¢; and &, are the recent integration
constants as above, it is interesting that if both of them are set to zero, the solution is still
not trivial. For a physical system the kinematic viscosity v > 0 is always positive, therefore
in the case of ¢; # 0 the solution becomes complex. Figure 14 shows the shape function
of the z velocity component. It is clear that the real part is a Gaussian function and the
complex part is a Gaussian distorted with an error function, which is an interesting final
result. In the literature we can find system which shows similarities like the work of Ernst
[50] who presented a study where a the asymptotic normalized velocity autocorrelation
function calculated from the linearized Navier-Stokes equation has an error function shape.

To give coupling points to colleagues from other field, (like chaotic dynamics or turbu-
lence) in the last section of the original publication [37] we calculated the enstropy of the
system which is crucial quantity for two dimensional turbulence. The Fourier spectra of our
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velocity field was compared to other turbulence results as well. The question of fractional
derivatives or fractal dimensions are addressed as well.

Further analysis is in progress. Recently, we try to generalize the original OB system
(53) with temperature dependent viscosity v(7") and heat conduction coefficients x (7).
It seems that it is not possible and only the constant coefficients are available for self-
similar analysis. To go beyond the Boussinesq approximation is also under consideration,
the analysis is very exciting.

References

[1] B.H. Gilding and R. Kersner, Traveling Waves in Nonlinear Diffusion-Convection
Reactions, Progress in Nonlinear Differential Equations and Their Applications,
Birkhiuser Verlag, Basel-Boston-Berlin, 2004, ISBN 3-7643-7071-8.

[2] L. Sedov, Similarity and Dimensional Methods in Mechanics CRC Press 1993.

[3] G.I. Baraneblatt, Similarity, Self-Similarity, and Intermediate Asymptotics, Consul-
tants Bureau, New York 1979.

[4] Ya.B. Zel’dovich and Yu.P. Raizer, Physics of Shock Waves and High Temperature
Hydrodynamic Phenomena, Academic Press, New York 1966.

[5] T. Vicsek, E. Somfai and M. Vicsek, J. Phys. A: Math. Gen 25, (1992) L763.
[6] LFE Barna and R. Kersner, J. Phys. A: Math. Theor. 43, (2010) 375210.

[7] LE Barna and R. Kersner, Adv. Studies Theor. Phys. 5, 193 (2011).

[8] H.E. Stanley, Rev. Mod. Phys. 71, (1999) S358.

[9] Y. Manwai, J. Math. Phys. 49 (2008) 113102.

[10] Y. Manwai, Some Problems on a Class of Fluid Dynamical Systems: Euler-Poisson,
Navier-Stokes-Poisson, Euler and Navier-Stokes Equations, VDM Verlag, 2009.

[11] V.N. Grebenev, M. Oberlack and A.N. Grishkov, Journ. of Nonlin. Mathem. Phys 15
(2008) 227.

[12] W.I. Fushchich, W. M. Shtelen and S. L. Slavutsky, J. Phys. A: Math. Gen. 24 (1990)
971.

[13] V. Grassi, R.A. Leo, G. Soliani and P. Tempesta, Physica 286 (2000) 79%, ibid 293
(2000) 421.

[14] X.R. Hu, Z.Z. Dong, F. Huang et al., Z. Naturforschung A 65 (2010) 504.
[15] S. N. Aristov and A. D. Polyanin, Russ. J. Math. Phys. 17 (2010) 1.

[16] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions Dover Publi-
cation., Inc. New York.

Complimentary Contributor Copy



Self-Similar Analysis of Various Navier-Stokes Equations ... 303

[17] LE Barna, Commun. in Theor. Phys. 56 (2011) 745-750.
[18] J.G. Heywood, Acta Mathematica 136, 61 (1976).

[19] R.B. Barrar, Services Technical Information Agency Comment Service Center AD
1711 Report, work done at Harvard University under Contract N 50ri-07634, 1952.

[20] J. Xia-Yu, Commun. Theor. Phys. 52, 389 (2009).
[21] K. Fakhar, T. Hayat, C. Yi and T. Amin, Commun. Theor. Phys. 53, 575 (2010).

[22] D.K. Ludlow, P.A. Clarkson and A.P. Bassomx, J. Phys. A: Math. Gen. 31, 7965
(1998).

[23] M. Nadjafikhah, http://arxiv.org/abs/0908.3598.
[24] LE Barna and L. Matyas, Fluid. Dyn. Res. 46, 055508 (2014).

[25] G. Astarita and G. Marucci, Principles of non-Newtonian fluid mechanics McGraw-
Hill 1974, ISBN -0-07-084022-9.

[26] G. Bohme, Non-Newtonian Fluid Mechanics, North-Holland Series in Applied
Mathematics and Mechanics 1987.

[27] O.A. Ladyzhenskaya, Boundary Value Problems of Mathematical Physics V, Amer.
Math. Soc. Providence, RI 1970.

[28] H-O. Bae and H.J. Choe, Theory of non-Newtonian flow, Trends in Mathematics Inf.
Cent. for Math. Sci., 1, 201 (1998).

[29] A.M. Ishak, H. Merkin, R. Nazar and . Pop, Z. angew. Math. Phys. 59, 100 (2008).
[30] M. Benlahsen, M. Guedda and R. Kersner, Math. Comput. Mod. 47, 1063 (2008).
[31] G. Bognér, Comp. and Mathem. with Appl. 61, 2256 (2011)

[32] G. Bognar, Numerical Simulation, 10, 1555 (2009).

[33] LE Barna, G. Bognar and K, Hricz6, Math. Model. and Anal. 21, 83 (2016).

[34] Private communication with Prof. Dr. Robert Kersner.

[35] M.J. Boussinesq, Rendus Acad. Sci (Paris), 72,755 (1871).

[36] A. Oberbeck, Annal. der Phys. und Chemie Neue Folge 7, 271 (1879).

[37] LE Barna and L. Matyas, Chaos, Solitons and Fractals, 78, 249 (2015).

[38] B. Saltzman, J. Atmos. Sci. 19, 329 (1962).

[39] E.N. Lorenz, J. Atmos. Sci. 20, 130 (1963) ibid, 26, 636 (1969) ibid. 63, 2056 (2005).

[40] T. Tél and M. Gruiz, Chaotic Dynamics Cambridge University Press, 2006.

Complimentary Contributor Copy



304 I. F. Barna

[41] C. Lainscsek, Chaos 22, 013126 (2012).

[42] J. H. Curry, Commun. Math. Phys. 60, 193 (1978), SIAM J. Math. Anal. 10, 71
(1979).

[43] D. Roy and Z. E. Musielak, 32, 1038 (2007) ibid, 31, 77 (2007), ibid, 33, 1064
(2007).

[44] S. Chandrasekhar, Hydrodynamic and Hydrodynamic Stability, Chapter 1, Dover,
New York 1984.

[45] P. Bergé, Y. Pommeau and C. Vidal, Ordre Within Chaos, Appendix D., J. Wiley,
New York 1984.

[46] C. Sparrow, The Lorenz Equations: Bifurcations, Chaos, and Strange Attractors
Springer-Verlag, New York, 1982.

[47] R.C. Hilborn, Chaos and Nonlinear Dynamics Appendix C, Oxford University Press
2000.

[48] LE Barna and L. Matyas, Miskolc. Math. Notes. 14, 785 (2013).

[49] LF. Barna, Laser. Phys. 24, 086002 (2014).

[50] M. H. Ernst, E. H. Hauge and J. M. J. van Leeuwen, Phys. Rev. Lett. 25, 1254 (1970).
[51] G. Peng and Y. Jiang, Physica A, 389, (2010) 41410.

[52] Y. Pomeau and P. Manneville, Commun. Math. Phys. 74, (1980) 189.

[53] D.C. Wilcox, Turbulence modeling for CFD, DCW Industries 1993.

Complimentary Contributor Copy



